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PREFACE 

Th i s   r epor t   r ep resen t6   t he   comple t ion  of one  phase of the   s tudy  

o f   c o u p l e d   c o r e   r e a c t o r   s t a b i l i t y ,  a study  sponsored by the   Nat iona l   Aero-  

naut ics   and  Space  Adminis t ra t ion  under   Grant  NeG-490 on   research   in   and  

a p p l i c a t i o n  of modern au tomat i c   con t ro l   t heo ry   t o   nuc loa r   rocke t   dynamics  

and c o n t r o l .  The r e p o r t  is in tended   to   be  a s e l f - con ta ined   un i t   and ,   t he re -  

f o r e ,   r e p e a t s  some of the w o r k   p r e s e n t e d   i n   p r e v i o u s   s t a t u s   r e p o r t s .  

This  work  was  submitted  to  the  Department  of  Nuclear  Engineering 

a t  The Un ive r s i ty   o f   Ar i zona   i n   pa r t i a l   fu l f i l lmen t   o f   t he   r equ i r emen t s  

fo r   t he   deg ree  of Doctor  of  Philosophy. 
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ABSTRACT 

' The type  of   coupled-core  systan with which t h i s   s t u d y  is p r i -  

mari ly   concerned is that of  two o r  more s e p a r a t e  power reac tors   coupled  

toge the r   fo r   t he   pu rpose   o f   ach iev ing   an   i nc reased   sys t em power output .  

The primary  example is t h a t   o f   t h e   p r o p o s e d   c l u s t e r i n g   o f   n u c l e a r   r o c k e t  

engines .  

The behavior  of a s p e c i f i c   c o r e   i n  a coupled  system is  inf luenced 

by t h e   p a s t   h i s t o r i e s   o f  a l l  t h e   o t h e r   c o r e s   d u e   t o   t h e   t r a n s i t  t i m e  i n -  

volved  in   the  mutual   exchange  of   leakage  neutrons.  The equations  which 

descr ibe  the  dynamics  of  a coupled-core  system  contain,   because  of   this  

t ime   l ag   i n   t he   i n t e rdependen t   po r t ion   o f . t he   sys t em  behav io r ,   va r i ab le s  

whose  arguments a r e   d e l a y e d   o r   r e t a r d e d   i n  time. Herein lies the  unique 

mathematical   feature   of   the   problem. 

It  is necessary  from a p rac t i ca l   s t andpo in t   t o   d i scove r   whe the r  

o r   n o t  a projected  coupled-core  system i s  i n h e r e n t l y   s t a b l e .   I f ,   f o r  

example, a sys tem  of   c lus te red   nuc lear   rocke t   engines  fa opera t ing  a t  

des ign  power condi t ions ,   hopefu l ly   the   sys tem,   i f   per turbed   f rom  the  

o p e r a t i n g   p o i n t ,   r e t u r n s   t o  i ts  o r i g i n a l  state. This is the  fundamental  

p rob lem  o f   t he   a sympto t i c   s t ab i l i t y   o f   an  autonomous or   undriven  system. 

Recent ly ,   researchers   have  found  that   the  most u n i v e r s a l  method 

o f   i n v e s t i g a t i n g   t h e   s t a b i l i t y   o f   o r d i n a r y   d i f f e r e n t i a l   e q u a t i o n s  i s  t h e  

Second  Method  of  Liapunov. It is n a t u r a l ,   t h e r e f o r e ,   t o   d e r i v e  a tech-  

nique  based  upon  Liapunov's  theory  for  thie  problem. The  approach  to 
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the  stability  problem  via  the  Second  Method  has  several  advantages  Over 

the  more  conventional  methods  of  analysis.  The  kinetics  equations  for 

power  reactors  are  nonlinear  due  to  temperature-induced  reactivity  ef- 

fects. A conventional  analysis  might  include  a  linearization  of  the 

describing  equations  and  then  perhaps  a  series  approximation  for  the 

time  delay. If series  approximations  are  used  for  the  delay,  it  is  gen- 

erally  not  possible to determine  whether  the  results  are  conservative  or 

falsely  optimistic. Also, because  the  linearized  equations  are  valid 

only  in  an  arbitrarily  small  region  of  the  variables  about  the  operating 

point, it is  not  possible  to  determine  the  bounds  on  the  initial  con- 

ditions  of  the  system  within  which  the  system  is  asymptotically  stable. 

The  Second  Method,  on  the  other  hand,  is  directly  applicable  to 

nonlinear  equations.  The  presence  of  the  time  delay,  however,  necessi- 

tate~ some  modifications to the  Liapunov  approach.  The  extension  of  the 

method  is  based  upon  the  work  performed  by  Driver,  Krasovskii,  and  Raz- 

umikhin  on  the  mathematical  features  of  equations  with  delay.  The  time 

delay  is  incorporated  directly  into  the  Second  Method,  thus it is  certain 

that  the  results  are  conservative  due  to  the  sufficiency  of  the  stability 

conditions. 

The  modified  approach is based  upon  comparing  all  possible  solu- 

tions  of  a  system  with  delay  with  the  known  properties  of  the  system  with- 

out  delay. The technique  used  is  to  find  quadratic  Liapunov  functions  for 

the  linearized,  zero  delay  syatem.  Stability  conclusions  can  then  be 

made  for  the  linearized  system  with  delay.  Finally,  the  nonlinear  terms 

are  added to estimate  the  regions of stability of the  state  variables. 



The r eau l t a   a r e   adequa te ,  from  a p rac t i ca l   v i ewpo in t ,   f o r   a  

simplified  two-core  example.  However, the  appraach becomes h i g h l y   r e -  

s t r i c t i v e   f o r   h i g h e r   o r d e r ,  more complicated  caaes ,  and t h e   r e s u l t s   b c -  

come marginal .  The b a s i c   s t a b i l i t y   c o n c l u s i o n s  combined wi th   s imula t ion  

s t u d i e a   f o r   t h e  more  complicated system, r e v e a l   t h a t   t h e r e   a r e  no prac-  

t i c a l   s t a b i l i t y  problems  involved   in   coupled-core   nuc lear   reac tor  dynamt 

i c s  . 
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Chapter 1 

INTRODUCTION 

A coupled-core   nuc lear   reac tor  i s  a c r i t i ca l  reactor   which  con-  

sists of two o r  -re independen t ly   subc r i t i ca l   co res .  The m u l t i p l i c a t i o n  

o f   n e u t r o n s   i n   e a c h   s e p a r a t e   c o r e  i s  n o t   s u f f i c i e n t   t o   r e s u l t   i n  a r e l f -  

s u p p o r t i n g   c h a i n   r e a c t i o n .  However, due  to  the  leakage  of  neutrons  from 

the   phys ica l   boundar ies   o f   each   core ,   there  i s  a mutual  exchange  of 

neut rons  among the   co res .   Th i s  i s  t he   neu t ron ic   coup l ing   e f f ec t   wh ich  

ba lances   t he   neu t ron  economy o f   t h e   e n t i r e   r e a c t o r   o r   s y s t e m   o f   c o r e s  

such   t ha t  a s u s t a i n e d   n u c l e a r   f i s s i o n   r e a c t i o n  may occur .  

B a s i c a l l y ,   t h e r e   a r e   t h r e e  classes of  systems  which may b e   t r e a t -  

ed as  coupled-core  systems.  The f i r s t   c l a s s   i n c l u d e s   a l l   l a r g e   r e a c t o r s  

whose p r o p e r t i e s  of cons t ruc t ion   a re   un i form  throughout   the   core ,   tha t  

i s ,  the  fuel-moderator  arrangement i s  uniform. The coupled-core  analysis  

i n   t h i s   c a s e   c o n s i s t s   o f   s u b d i v i d i n g   t h e  main c o r e   i n t o   s e v e r a l   s m a l l e r  

cores   and   wr i t ing   separa te   equa t ions   to   descr ibe   the   dynamics  of each 

subd iv i s ion .  The   use   o f   th i s   t echnique   leads   to   an   approximate   descr ip-  

t i o n  of t h e   s p a t i a l   e f f e c t s   i n   t h e   s y s t e m   b e h a v i o r .  

The second  category  of   coupled-core  reactor   system  comprises  

r eac to r s   wh ich   con ta in   s ec t ions   o f   comple t e ly   d i s t i nc t   fue l -modera to r  

material and  geometr ic   arrangement .   In   this  case, it i s  necessary 

t o   d e s c r i b e   e a c h   s e c t i o n  by a d i f f e r e n t  set  of coupled  equat ions.  

An example  of t h i s   t y p e   o f   r e a c t o r  is one  which  has two r e g i o n s   w i t h  

d i f f e ren t   neu t ron   ene rgy   spec t r a ,   f a s t   and   t he rma l ,   fo r   t he   pu rpose   o f  

1 



o b t a i n i n g   d i f f e r e n t   h e a t   t r a n s f e r   c h a r a c t e r i s t i c s   o r   t o   e n h a n c e   f u e l  

b reed ing   i n   one   r eg ion .  

The th i rd   type   o f   coupled-core   sys tem i s  the   one   wi th   which   th i s  

study i s  pr imari ly   concerned.   This  i s  t h e  case of two o r  more s e p a r a t e  

power r eac to r s   coup led   t oge the r   fo r   t he   pu rpose   o f   ach iev ing   an   i nc reas -  

ed  system power o u t p u t   u s i n g   a n   e x i s t i n g   r e a c t o r   s y s t e m .  The primary ex- 

ample is  tha t   o f   t he   p roposed   c lus t e r ing   o f   nuc lea r   rocke t   eng ines   (Sca le ,  

1964a ,   1964b) .   The   ind iv idua l   cores   in   th i s   a r rangement   a re   ac tua l ly   sep-  

a r a t e   r e a c t o r s   d e s i g n e d  and  equipped  to  produce power by themselves.  

Due t o   t h e   c o u p l i n g  mechanism, t h e   b e h a v i o r  of e a c h   c o r e   i n   t h e  

r e a c t o r  i s  inf luenced  by the  behavior   of  a l l   t h e   o t h e r   c o r e s .   I n   a d d i t i o n ,  

a n e u t r o n   i n  a g i v e n   c o r e ,   i f  i t  even tua l ly  i s  t o   c a u s e   f i s s i o n   i n   a n o t h e r  

c o r e ,   r e q u i r e s  a pe r iod   o f  time t o  e s c a p e   f r o m   t h e   f i r s t   c o r e ,   t r a v e l   b e -  

tween  cores ,   enter   the  second  core ,   and  cause  f iss ion.  Hence, the  behav- 

i o r   o f  a s p e c i f i c   c o r e   a c t u a l l y   d e p e n d s  upon t h e   p a s t   h i s t o r i e s   o f   a l l   t h e  

o t h e r   c o r e s .  The equat ions  which  descr ibe  the  dynamics  of  a coupled-core 

sys tem  conta in ,   due   to   th i s  time l a g   i n   t h e   i n t e r d e p e n d e n t   p o r t i o n   o f   t h e  

sys tem  behavior ,   var iab les  whose  argument i s  d e l a y e d   o r   r e t a r d e d   i n  time. 

Herein l ies  the  unique  mathematical   feature  of  the  problem. 

A knowledge   of   the   s tab i l i ty   o f  a coupled-core  reactor   system 

i s  n a t u r a l l y   q u i t e   i m p o r t a n t .  It is  p o s s i b l e   i n   f a c t   t o   r a i s e  a s e r i o u s  

doub t   a s   t o   whe the r   o r   no t  a coupled  system is s t a b l e   u s i n g  a simple 

physical  argument.  Suppose two r e a c t o r s   a r e   o p e r a t i n g   t o g e t h e r   a t   t h e  

same power l e v e l .   I f   t h e  power of   one   reac tor  i s  increased ,   the   pover  

l e v e l   o f   t h e   o t h e r   r e a c t o r   a l s o   i n c r e a s e s ,   t h u s   a f f e c t i n g   t h e   o r i g i n a l l y  



perturbed  reactor ,   and so on. A t  h igh  power l eve ls ,   o f   course ,   the  

inc rease   i n   t he   co re   t empera tu re   l eads  to  increased  neutron  leakage 

because   o f   t he   dec rea re   i n   co re   dens i ty .  This i n t r inmic   nega t ive  re- 

a c t i v i t y   e f f e c t   i n   g e n e r a l   r t a b i l i z e s   a n   o r d i n a r y   r e a c t o r .  

It i r  necersary,  from a p r a c t i c a l   r t a n d p o i n t ,   t o   d i r e o v e r  

whether   or  not a projected  coupled-core  ryr tem i s  i n h e r e n t l y   s t a b l e .  

I f ,   fo r   example ,  a system  of   c lustered  nuclear   rocket   engines  i s  opera t -  

i n g   a t   d e s i g n  p o w e r  condi t ions ,   hopefu l ly   the  myatem, i f   pe r tu rbed   f rom 

t h e   o p e r a t i n g   p o i n t ,   r e t u r n s   t o  i t s  o r i g i n a l   s t a t e .  This is the  funda- 

mental   problem  of   the  asymptot ic   s tabi l i ty   of   an  autonomous or undriven 

system. The pu rpose   o f   t h i s   i nves t iga t ion  i s  t o   so lve   t h i s   p rob lem  fo r  

coupled-core  nuclear   reactor   systems.  

Recent ly ,   researchers   have  found  that   the   most   universal  method 

of i n v e s t i g a t i n g   t h e   s t a b i l i t y   o f   o r d i n a r y   d i f f e r e n t i a l   e q u a t i o n s  i s  t he  

Second Method of  Liapunov  (LeSalle  and  Lefschetz,  1961). It is n a t u r a l ,  

t h e r e f o r e ,   t o   d e r i v e  a technique  based  upon  Liapunov*s  theory  for  thir  

problem. The approach  to   the  s tabi l i ty   problem  via   the  Second Elathod 

of Liapunov  has  several   advantages  over  the more conventional  methods 

o f   ana lys i s .  The k i n e t i c s   e q u a t i o n s   f o r  power r eac t e r s ,   such  a s  a 

rocke t   sys tem,   a re   nonl inear   due   to   the   t e tnpera ture- induced   reac t iv i ty  

e f f e c t s .  The eoupled-cere   equat ions a180 conta in   the   t ime  de lay  termr 

arentioned  previously.  

A c o n v e n t i o n a l   r t a b i l i t y   a n a l y s i s   m i g h t   i n c l u d e  a l i n e a r i z a t i o n  

ef t he   desc r ib ing   equa t ions ,  and  then  perhaps a t runca ted  series approxi-  

m a t i o n   o r   P a d e   a p p r s x i u n t  (Weaver, 1963) t o   e s t i m a t e   t h e   e f f e c t   o f   t h e  

3 



time de lay .  The e x a c t   r o l u t i o n   f o r   t h e   r o o t s   o f   t h e   c h a r a c t e r i s t i c  

equa t ion   o f   t he   l i nea r i zed   sys t em i s  d i f f i cu l t   because   o f   t he   exponen-  

t i a l  time de  lay terms. 

If series approximationr are  used   fo r   t he  time delay  terms, it 

i s  g e n e r a € l y   n o t   p o s r i b l e   t o   d e t e r m i n e   w h e t h e r   t h e   s t a b i l i t y   r e s u l t s  are 

c o n r e r v a t i v e   o r   f a l s e l y   o p t i m i s t i c .   A l s o ,   b r c a u r e   t h e   l i n e a r i z e d   e q u a -  

t i o n s   a r e   v a l i d   o n l y   i n   a n   a r b i t r a r i l y  small r e g i o n  of the v a r i a b l e s  

abou t   t he   ope ra t ing   po in t ,  i t  i s  not   poss ib le   to   de te rmine   the   bounds  

on   t he   i n i t i a l   cond i t ions   o f   t he   sys t em  wi th in   wh ich   t he   sys t em i s  

a s y m p t o t i c a l l y   s t a b l e .  

The  Second  Method  of  Liapunov,  on  the  other  hand, i s  d i r e c t l y  

a p p l i c a b l e   t o   n o n l i n e a r   e q u a t i o n s .  The presence  of  the time delay ,  

however, n e c e s s i t a t e s  some modif ica t ions   to   the   bas ic   L iapunov  approach .  

The Second Method y i e l d s   o n l y   s u f f i c i e n t   c o n d i t i o n s   f o r   r t a b i l i t y ,  80 

i f   t h e  time d e l a y   f e a t u r e  i s  i n c o r p o r a t e d   d i r e c t l y   i n t o   t h e  Second 

Method, i t  i s  c e r t a i n   t h a t   t h e   r e s u l t s   a r e   e i t h e r   e x a c t   o r   c o n s e r v a t i v e .  

The r e a s o n s   t h a t   t h e  Second  Method canno t   be   app l i ed   d i r ec t ly  

t o   t h e  time d e l a y   p r o b l e m w i l l  become a p p a r e n t   l a t e r .  When t h e   d i f f i -  

cu l t ies  are overcome,   the  usefulness   of   the   Second Method of  Liapunov 

f o r   s o l v i n g   t h e   s t a b i l i t y   p r o b l e m   f o r   c o u p l e d - c o r e   n u c l e a r   r e a c t o r   s y s -  

tems w i l l  be  demonstrated.  
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Chapter 2 

TRE KINETICS EQUATIONS H)R COUPLED-CORE REACL'OR SYSTEFS 

The  model to be  ured i n   o b t a i n i n g  the sys t em  k ine t i c8   equa t ions  

i s  t h a t  of a po in t   r eac to r   i n   wh ich   t he   va r iou r .   pa rame te r s   and   va r i ab le s  

r ep resen t   ave rage   va lues   w i th  respect t o   s p a c e .   I f   t h e  dynamic  pro- 

cerses occur r ing   w i th in   t he   sys t em are understood,   the  lumped parameter 

model  should  yield a s u f f i c i e n t l y   a c c u r a t e   d e s c r i p t i o n   o f   t h e   b e h a v i o r  

? 

of  the  system. 

General   Neutron  Kinet ics  

There i s ,  i n  a g iven   core ,   an   average   dens i ty   n ( t )   o f   neut rons ,  

a l l  o f   w h i c h   p a r t i c i p a t e   i n   t h e   n u c l e a r   p r o c e s s e s   o f   t h e   s y s t e m  a t  a 

. ingle  energy. Due to   l eakage   f rom  the   sys t em,   pa ra s i t i c   abso rp t ion   i n  

t h e   c o r e   m a t e r i a l s ,   a n d   p r o d u c t i v e   a b s o r p t i o n   i n   t h e   f u e l ,   t h e  ra te  of  

d i sappearance   o f   these   neut rons  i s  n( t ) /do  , where io i s  t h e  mean l i f e -  

time of   the   neut rons .  The p r o d u c t i v e   a b s o r p t i o n   o f   n e u t r o n s   i n   t h e   f u e l  

causes   nuclear   f iss ion,   accompanied by t h e  release of  energy  and  addition- 

a l   n e u t r o n s .  Some of  the  produced  neutrons do n o t   a p p e a r   a t   t h e   i n s t a n t  

o f   f i s s i o n ,   b u t  some time l a t e r .  It i s  assumed tha t   these   de layed   neu-  

t rons ,   wh ich   appea r   t h rough   t he   r ad ioac t ive   decay   o f   uns t ab le   f i s s ion  

p roduc t s ,   cons t i t u t e  a f r a c t i o n  B o f   t h e   t o t a l   f i s s i o n   n e u t r o n s .   A l t h o u g h  

the re   a r e   s eve ra l   d i s t i nc t   g roups   o f   nuc le i   wh ich   decay   t o   p roduce   t he  

delayed  neutrons,  i t  i s  assumed t h a t   a l l   t h e   d e l a y e d   n e u t r o n s   c a n   b e  

a t t r i b u t e d   t o  one effect ive  group  of   precursor   a toms  whose mean l i f e t i m e  

i s  1/X and  whose d e n s i t y  i s  C ( t ) .  
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The e f f e c t i v e   m u l t i p l i c a t i o n   o f   n e u t r o n s ,  or t o t a l  number o f  

neutrons  produced i n  one   gene ra t ion   pe r   neu t ron   i n   t he   p rev ious   gene ra -  

t i o n  i s  k . The de layed   neu t rons   appea r   a t   t he  same r a t e   a t  which  the 

delayed  neutron  precursors   decay,  so t h e   t o t a l   r a t e   o f   p r o d u c t i o n   o f  

neut rons   in   the   sys tem i s  

k(1-B) 
a0 

n ( t )  + A C ( t )  

w h e r e   t h e   f i r s t  term i s  t h e  prompt neutron  source  and  the  second term 

i s  the  delayed  neutron  source.  

The time r a t e  of   change  of   the  neutron  densi ty  i s  t h e   d i f f e r e n c e  

be tween  the   ra te   o f   p roduct ion   and   the   ra te   o f  loss,  o r  

i(t) = n ( t )  - E n ( t )  + hC(t) -t S ( t )  a (2 .   l a )  

( 2 .  lb)  

where Eq. (2 . lb)   descr ibes   the   ra te   o f   change   of   the   p recursor   a tom 

d e n s i t y .  The S ( t )   i n  Eq. (2 . l a )  i s  a genera l   source  term which  accounts 

f o r   a d d i t i o n a l   i n t e r n a l   o r   e x t e r n a l   n e u t r o n   a d d i t i o n   p r o c e s s e s   f o r  a 

spec i f i c   sys t em.  The parameter J? i s  - , t h e   e f f e c t i v e   n e u t r o n  lifetime. 

I f   t h e   m u l t i p l i c a t i o n   o f   t h e   s y s t e m  is i nc reased ,  a neut ron  i s  l i k e l y  

t o   s u r v i v e   o v e r  a g r e a t e r   e f f e c t i v e   l e n g t h   o f  time and ,   conve r se ly ,   i f  

t h e   m u l t i p l i c a t i o n  i s  decreased, t h e   r e a c t i o n   g o e s  more slowly  and a 

a0 

k 

n e u t r o n   e x i s t s   o v e r  a sho r t e r   pe r iod   o f  time. Therefore ,  1 i s  assumed 

to   be  approximately  constant .  
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The q u a n t i t y  p i n  Eq. ( 2 . h )  i s  d e f i n e d   a s   t h e   r e a c t i v i t y   o f  

the   sys tem,   (k- l ) /k ,   o r   the   f rac t iona l   change   f rom  uni ty   o f   the   e f fec-  

t ive m u l t i p l i c a t d o n   f a c t o r .  

The  Delayed  Source i n  Coupled S y s t e m  

The c o u p l i n g   e f f e c t   i n   e a c h   c o r e  is assumed t o   a p p e a r   i n   t h e  

form  of a sou rce   due   t o   neu t rons  coming  from a l l  e t h e r   c o r e s   i n   t h e  

system. Two assumptions are i n h e r e n t   i n   t h i s   f o r m u l a t i o n .   F i r s t   o f  

a l l ,  it is assumed t h a t   f o r  a given  arrangemcnt of c o r e s ,   t h e  ra te  of 

entry  of   neutrons  into  one  core  i s  d i r e c t l y   p r o p o r t i o n a l   t o   t h e  ra te  of 

loss   o f   neut rons   for   the   o ther   cores .   Secondly ,  it i s  assumed t h a t   t h e  

e f f e c t i v e   c o r e - t o - c o r e   t r a n s i t  time i s  t h e  same o n   t h e   a v e r a g e   f o r   a l l  

n e u t r o n s   p a r t i c i p a t i n g   i n  the coupling  process  between two g iven   co res .  

These   p remises   a re   cons is ten t   wi th   the  lumped parameter  model.  Because 

a l l  neu t rons   i n  a g iven   core   have   the  same e n e r g y   a n d   s p a t i a l   d i s t r i -  

but ion,   they  must   exhibi t   the  same a v e r a g e   b e h a v i o r   i n   a l l   n u c l e a r  

processes .  

I f  i s  t he   coup l ing   coe f f i c i en t   o f   p ropor t iona l i t y   f rom  the  

j t h   t o   t h e   i t h   c o r e ,  and i f  T i j  i s  t he   de l ay  time a s s o c i a t e d   w i t h   t h i s  

c o u p l i n g ,   t h e   t o t a l   s o u r c e   i n   t h e   i t h   c o r e   o f   a n   N - c o r e   a r r a y  i s  
N 

I n   g e n e r a l ,  ai, = aji and Til = T, , because   t he   coup l ing   e f f ec t  i s  

t h e .  same i n   e i t h e r   d i r e c t i o n   b e t w e e n   a n y  two cored.  Also,  a l l  t h e  a's 

and a l l  t h e  T's are equa l   i n   any   comple t e ly   symr t r i c   a r r ay   due   t o   t he  
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f ac t  tha t   once   t he   nuc lea r   and   neu t ron ic   p rope r t i e s  of the   system are  

f ixed ,   the   coupl ing   process   depends   upon  the   geometr ic   p roper t ies   o f  

t h e   a r r a y .  h i s  ita probably more t r u e  of a than   o f  T. Geometr ic   a t ten-  

u a t i o n   c o n t r i b u t e s  almost e x c l u s i v e l y   t o   c h a n g e s   i n   a w i t h   s e p a r a t i o n  

i f   t h e   n e u t r o n   d e n s i t i e s  are t h e  same i n   t h e   c o r e s .  On the   o ther   hand ,  

t h e  time of f l i g h t  of  neutrons  between  cores i s  much less than   t he  time 

requi red   to   escape   f rom  one   core   and   en ter   another   as   there  i s  no ma- 

t e r i a l  between  the  cores .  The coupl ing   process  i s  i l l u s t a t e d   i n   F i g .  2 . 1  

f o r   a n   a s y m m e t r i c   t h r e e - c o r e   a r r a y .   I n   t h i s  case, a l l  d s  and a l l  T's 

a r e   equa l   excep t   a13   31  i s  less than  a12 2 1   o r   9 3 , 3 2  and  T13 3 1  i s  

greater   than  T12,21  or   T23,32 . 
The bas ic   neut ron   k ine t ics   equa t ions   for   coupled-core   sys tems 

a r e ,  due t o   t h e   s u b s t i t u t i o n   o f  Eq. (2 .2)   in to  Eq. ( 2 . 1 ) ,  

N 

(2.3b) 

The c o r e s   a r e  assumed t o  h a v e   i d e n t i c a l   n u c l e a r   c h a r a c t e r i s t i c s ,  so 

p, a ,  and h a r e   t h e  same throughout  the  system. 

Equation  (2.3)  can  be  obtained  from Eq. (2 .1)   a l so  by means o f  

a r e a c t i v i t y   c o n c e p t  of t h e   c o u p l i n g   e f f e c t .   S e a l e  (1964b) p re sen t8  a 

computational method f o r   o b t a i n i n g   t h e o r e t i c a l   v a l u e s  of a and T. 

The r e s u l t  i s  expressed a s  a change i n  k w i t h   r e s p e c t   t o   u n i t y .   T h i s  

change i n  k i n   t h e   i t h   c o r e  i s  shown t o  b e   p r o p o r t i o n a l   t o   t h e   r a t i o  

a 
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of   t he   su r f ace   neu t ron   f l uxes ,   hence   t he   ave rage   neu t ron   dens i t i e s ,   i n  

t h e   i t h  and j t h  cores. The t o t a l   c o u p l i n g   r e a c t i v i t y  i n  t h e   i t h   c o r e  

i s  t hen  

When the   sou rce  term i n  Eq. (2.1) i s  e l imina ted  and t h e   r e a c t i v i t y  re- 

placed by (2.4) p l u s  a g e n e r a l i z e d   r e a c t i v i t y  term, Eq. (2.3) a r e   t h e  

r e s u l t .  The a r g u m e n t s   a r e   s l i g h t l y   d i f f e r e n t   i n   c o n c e p t   b u t   t h e y   y i e l d  

t h e  same system  equat ions.  

H ighe r   o rde r   coup l ing   e f f ec t s  are n e g l e c t e d   i n   t h i s   s t u d y .  

Neutrons  could  escape  from  one  core,   reflect   from  one  or more o t h e r  

c o r e s ,   a n d   r e t u r n   t o   t h e   o r i g i n a l   c o r e .  It i s  h i g h l y   d o u b t f u l   t h a t   t h e  

magn i tude   o f   t h i s   s e l f - coup l ing   e f f ec t  i s  apprec iab le   due  t o  a t  least  

one   ex t r a   o rde r   o f   geomet r i c   a t t enua t ion .  

System Heat Transfer   Equat ions 

Equat ions   (2 .3)   represent   the   behavior   in  time of  a c o r e   a t   v e r y  

low power l e v e l s .   1 n . a  power r e a c t o r ,  a coolant   f lows  through  the  core  

t o   r e w v e   t h e   g e n e r a t e d   e n e r g y .  As the   t empera ture   o f   the   core   increases  

a t  h ighe r  power levels, t h e   i n t r i n s i c   r e a c t i v i t y   e f f e c t s   a p p e a r .  The 

d e n s i t y  of t he   co re   dec reases   w i th   an   i nc rease   i n   t empera tu re .  As a 

r e s u l t ,  i t  i s  less p robab le   t ha t  a neut ron  w i l l  e x p e r i e n c e   c o l l i s i o n s  

wi th   e the r   nuc le i ,   i nc lud ing   t he   fue l ,   and  mre probab le   t ha t  a neut ron  

w i l l  escape  f rom  the  system.  Hence,   the   mult ipl icat ion  of   neutrons  de-  

c r e a s e s .  This e f f e c t  i s  t h e   n e g a t i v e   t e m p e r a t u r e   r e a c t i v i t y   e f f e c t .  
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Becaure a component  of t h e   r e a c t i v i t y  i r  a function  of  tempera- 

t u r e ,  it i r  neces ra ry   t o   de rc r ibe   t he   dynamic   va r i a t ion8   i n   t he   co re  

temperature.  The lumped pa rame te r   o r   po in t  model f o r   t h e   h e a t   t r a n s -  

f e r   p r o c e s s e s   c o u l d   l e a d   t o  sop~c d i f f i c u l t y   b e c a u s e   t h e   t e m p e r a t u r e s  

and   hea t   t ransfer   parameters   vary   r t rongly   wi th in   the   core   o f  a high-  

power r e a c t o r .  It i s  of   g rea t   impor tance   to   have   p roper   e f fec t ive   va lues  

o f   t h e s e   p a r a n t e r s   t o   y i e l d  a f a i r l y   a c c u r a t e  model. 

Over a period  of time, the   ne t   accumula t ion   of   energy   in  a core  

i s  equa l   t o   t he   t o t a l   ene rgy   gene ra t ed  due t o   f i s s i o n  minus t h e   t o t a l  

energy  removed by the   coo lan t .  Per u n i t  time, the  generated  energy i s  

the  power P(t) ,   which i s  propor t iona l   t o   t he   neu t ron   dens i ty .  The r a t e  

of  energy  removal i s  propor t iona l   t o   t he   d i f f e rence   be tween   t he   ave rage  

core  temperature   and  the  average  coolant   temperature  T ( t )  and  T,(t), 

r e s p e c t i v e l y .  These t empera tu res   r ep resen t   va lues   r e l a t ive   t o   t he   ze ro  

power va lues .  The energy  balance  for   the  core  i s  

t t 

which, when d i f f e r e n t i a t e d   w i t h   r e s p e c t  to t ime,   y ie lds  

M(&?(t)  P(t) - H[T(t)-Tc(t)] . (2 5 )  

M C ,  i s  the   product   of   the  IMBS and spec i f ic   hea t   o f   the   core ,   and  H 

i s  t h e   e f f e c t i v e   h e a t   t r a n s f e r   c o e f f i c i e n t   b e t w e e n   t h e   c o r e  and t h e  

coo lan t .  

A s i m i l a r   e n e r g y   b a l a n c e   f o r   t h e   c o o l a n t   y i e l d s  

d c T c ( t )  H[T(t)-Tc(t)] - wCcTc(t) . (2.6) 
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The mass f l o w   r a t e  i s  w, and  the mpso h e a t   c a p a c i t y   o f   t h e   c o o l a n t  is 

dC. It i s  assullwd tha t   t he   ave rage   co re   and   coo lan t   t empera tu re8  are 

p ropor t iona l .  If mCc is  v e r y  mall, it can  be  seen  from Eq. (2.6) t h a t  

the  assumption i s  v a l i d .  I n  a nuclear  rocket,   where  gaseous  hydrogen 

i s  t h e   c o o l a n t ,   t h e   q u a n t i t y  mCC i s  small (Hohler,  1965). The  mass  flow 

rate  o f   t h e   c o o l a n t  is cons tan t   because   the   sys tem  under   cons idera t ion  

is autonomous. A combination  of  Eqs.  (2.5)  and  (2.6)  under  these  aesump- 

t i o n s   r e s u l t s   i n   t h e   c o r e   t e m p e r a t u r e   k i n e t i c s   e q u a t i o n ,  

T ( t )  = - 
mCr 
1 P ( t )  - uT(t)  (2 7) 

where w i s  CC 
MC,(H + wee) 

, t h e   i n v e r s e   o f   t h e   c h a r a c t e r i r t i c   h e a t   e x c h a n g e r  

time c o n s t a n t  . 

I n t r i n s i c   R e a c t i v i t y   E f f e c t s  

The i n t r i n s i c   r e a c t i v i t y   e f f e c t  i s  deecribed  under  the  assumption 

t h a t   a n   i n c r e a s e   i n   c o r e   t e m p e r a t u r e   c a u s e s  a n e t   d e c r e a s e   i n   n e u t r o n  

m u l t i p l i c a t i o n   o r   t h e   i n t r o d u c t i o n   o f   n e g a t i v e   r e a c t i v i t y .  It i s  sup- 

posed   tha t   th i s   e f fec t   can   be   approximated  by a l i n e a r   f u n c t i o n   o f  

temperature.  The o v e r a l l   t e m p e r a t u r e   r e a c t i v i t y   e f f e c t  i s  quite   compli-  

ca t ed   due   t o   changes   i n   nuc lea r   c ros s   s ec t ions ,   ma te r i a l   dens i t i e s ,   and  

sys t em  d imens ions ,   bu t   gene ra l ly   t he   l i nea r   nega t ive   r e l a t ionsh ip   p ro -  

v i d e s   a n   a d e q u a t e   d e s c r i p t i o n  (Weaver,  1963,  pp.  101-103). 

A nuc lea r   rocke t  i s  cooled by gaseous  hydrogen, a s t rong   neu t ron  

mederator, so t empera ture- induced   coolan t   dens i ty   changes   a f fec t   the  re- 

a c t i v i t y .  The hydrogen   dens i ty   e f f ec t  i s  a p o s i t i v e   c o n t r i b u t i o n ,   b u t  

it i s  rough ly   p ropor t iona l   t o   t he  inverse s q u a r e   r o o t   o f   t h e   c o r e  
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temperature   (Hohhr,   1965) .   Therefore ,  the magn i tude   o f   t he   r eac t iv i ty  

e f f e c t   d e c r e a r e s  with inc reas ing   t empera tu re .   Rega rd le s s   o f   t h i8  posi- 

t ive  i n t r i n s i c   r e a c t i v i t y  component, it w i l l  be supposed   tha t   the   over -  

a l l  e f f e c t  i s  negat ive   and   propor t iona l  t o  the   temperature .  

The t empera tu re -dependen t   po r t ion   o f   t he   t o t a l   r eac t iv i ty  i s  

P(T) - - q m )  3 (2 8 )  

where % i s  a pos i t i ve   cons t an t   o f   p ropor t iona l i t y .   I f   t he   fue l   and  

modera tor   o f   the   core   cons t i tu ted  a homogeneous mixture,  a prompt tem- 

p e r a t u r e   e f f e c t  model  might  be  assumed. I n   t h i s  case, a change i n  power 

would resul t  promptly i n  a corresponding  change  in   temperature   such  that  

t h e   i n t r i n s i c   r e a c t i v i t y  would  be  proportional  to  the  power.   Although 

th is   approach   does   no t   l ead   to  a p a r t i c u l a r l y   a c c u r a t e   d e s c r i p t i o n   o f  a 

prac t i ca l   sys t em,  i t  i s  u s e f u l   f o r   o b t a i n i n g  a rough   p red ic t ion  of t h e  

behavior  of  the  system.  Because  the  temperature  kinetics  equations are 

e l i m i n a t e d ,   t h e   e f f o r t   r e q u i r e d   t o   a n a l y z e   s u c h  a model is  minimized. 

The mathemat ica l   descr ip t ion  of t h e   p r o m p t   r e a c t i v i t y   e f f e c t  i s  

S ta t e   Var i ab le   Represen ta t ion   o f   t he   Sys t em 

The methods   o f   t rea tment   and   the   genera l   d i scuss ions   tha t   fo l low 

presuppose   tha t   the   n th   o rder   dynamic   sys tem i s  r e p r e s e n t a b l e   a s  n f i r s t  

o r d e r   o r d i n a r y   d i f f e r e n t i a l   e q u a t i o n s .   E q u a t i o n s  (2.3) and (2.7) are a l -  

r e a d y   f i r s t   o r d e r   d i f f e r e n t i a l   e q u a t i o n s .  The time de lay  term causes  no 

d i f f i c u l t y   s i n c e   o r d i n a r y   d i f f e r e n t i a l   e q u a t i o n s   a r e   d e f i n e d  a s  equa t ions  

c o n t a i n i n g   t h e   d e r i v a t i v e 8  of t h e  unknowns w i t h   r e s p e c t   t o   o n e   r e a l  

13 
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v a r i a b l e .  The sy r t em  equa t ions   t he re fo re  meet t h e  above requirement 

as w r i t t e n .  

Never the less ,  a fur ther   requi rement  i r  necesrary .   Quer t ionr  

o f   r t a b i l i t y  are c o n s i d e r e d   w i t h   r e f e r e n c e   t o  some e q u i l i b r i u m   p o i n t   o f  

the   sys tem.   I f  the ryr tcm unknowns are   t ransformed  ruch   tha t   they   van-  

i s h   a t   e q u i l i b r i u m ,  so d o   t h e   d e r i v a t i v e s   o f   t h e   v a r i a b l e s .  This de- 

f i n e s   t h e   e q u i l i b r i u m   p o i n t ,   w h i c h  may be   t aken   t o   be   t he   o r ig in   o f   an  

n-dimensional  Euclidean  vector  space.  The s ta te  of   the  system i s  then  

completely  described a t  any tire by a vec to r   wh ich   has   a s  i t s  components 

t h e  new s ta te  v a r i a b l e s .   S t a b i l i t y  may be   d i scussed   i n  term of   t he  

r e g i o n   i n   t h i s  s ta te  space  within  which  the  system,  i f   per turbed  f rom 

t h e   o r i g i n ,   r e t u r n s   t o   t h e   o r i g i n .   I f   t h e   s y s t e m   e x h i b i t s   t h i s   b e h a v i o r ,  

it is  a s y m p t o t i c a l l y   s t a b l e .  

The va r i ab le s   wh ich   t r ans l a t e   t he   sys t em  ope ra t ing   po in t   t o  a 

z e r o   p o i n t   a r e  

(2.10) 

Po i s  t he   equ i l ib r ium power,  and Co and To the   equi l ibr ium  de layed  

neu t ron   p recu r so r   dens i ty  and average   core   t empera ture ,   respec t ive ly .  

The neut ron   dens i ty ,  i t  i s  r e c a l l e d ,  may b e   w r i t t e n   i n  terms of t h e  

power leve  1. 

14 



The v a r i a b l e o  are norma l i zed   w i th   r e spec t   t o   t he   ope ra t ing  

l eve l   fo r   conven ience .  One ve ry  good r eason   fo r   no rma l i z ing  i s  t h a t  

t he  s ta te  v a r i a b l e s  now r e p r e s e n t   f r a c t i o n a l   c h a n g e s   i n   t h e   a c t u a l   s y s -  

tem v a r i a b l e s .  Second  and h ighe r   o rde r  term i n   t h e  s ta te  v a r i a b l e s  

can be n e g l e c t e d   d i r e c t l y   i f   t h e   l i n e a r i z e d   e q u a t i o n s   a r e   d e s i r e d .  

An i n t e r r e l a t i o n   o f   t h e   e q u i l i b r i u m   v a l u e s  of t h e   v a r i a b l e s  

i s  found by se t t i ng   t he   de r iva t ives   o f   Eqs .   (2 .3b )  and (2.7) e q u a l   t o  

ze ro .  These r e l a t i o n s h i p s   a r e  

(2.11)  

The t o t a l   r e a c t i v i t y   i n   t h e   a b s e n c e   o f   e x t e r n d l   i n p u t s  i s  

where pio0 i s  t h e   r e a c t i v i t y   r e q u i r e d   t o   m a i n t a i n   c r i t i c a l i t y   i n   t h e  

i t h   c o r e   a t   t h e   o p e r a t i n g   p o i n t ,  and  p(T,P) i s  t h e   i n t r i n s i c   r e a c t i v i t y  

e f f e c t ,  a func t ion   of  T o r  P . Under the   t ransformat ions   (2 .10) ,   the  

r e a c t i v i t y  i s  

(2.12) 

where si0 t h e   i n t r i n s i c   r e a c t i v i t y   c o n t r i b u t e d   a t   t h e   o p e r a t i n g   p o i n t ,  

and S i (x , z )  i s  t h e  component  of t h e   i n t r i n s i c   r e a c t i v i t y   w h i c h   v a n i s h e s  

a t   t h e   o p e r a t i n g   p o i n t .  

15 



The system 

formations  (2.10) , 
equa t ions  for t h e   i t h   c o r e   a r e ,   f r o m   t h e   t r a n s -  

N 

ii(t) = wx,(t) - wz,(t) 

(2.13a) 

(2.13b) 

( 2 . 1 3 ~ )  

and the   va lue   o f  pioo i s  

N 

Note t h a t   t h e   c o u p l i n g  terms c o n t a i n   t h e   r a t i o s  of t h e  power l e v e l s   i n  

t h e   j t h   c o r e s   t o   t h a t   i n   t h e   i t h   c o r e .   C l e a r l y ,   t h e   s y s t e m   c a n   o p e r a t e  

i n  equ i l ib r ium  wi th  a l l  of t h e   c o r e s   o p e r a t i n g   a t   d i f f e r e n t  power l e v e l s .  

The r e a c t i v i t y  component S i o   v a n i s h e s   a t   z e r o  power, so pioo i s  

n e g a t i v e   a t   z e r o  power.  This v e r i f i e s   t h e   i n d i v i d u a l   s u b c r i t i c a l i - t y  of 

t h e   c o r e s   a t   t h i s   p o i n t .  

The s p e c i f i c   i n t r i n s i c   r e a c t i v i t y  components   are ,   for   the  case 

i n  which  temperature  and power a r e   p r o p o r t i o n a l ,  

(2 .14) 
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and,   for   the   ac tua l   t empera ture   dependent   case ,  

(2.15) 

Equations  (2.13) meet t h e   r e q u i r e m e n t s   f o r   t h e   s t a t e   v a r i a b l e  

no ta t ion .  The d e r i v a t i v e s   v a n i s h   a t   t h e   n u l l   p o i n t   o f  a l l  t h e   v a r i a b l e s .  

A l so ,   t he   de r iva t ives   van i sh  when  x = y = z = -1 . This is t o  be expect- 

ed s i n c e   t h i s   p o i n t  is ze ro  power, o r   t h e   c a s e  when the  system is com- 

p l e t e l y   s h u t  down. It is obvious   tha t  Eq. (2.13a) is non l inea r   due   t o  

t h e  term 

(2.16) 

The equa t ion  is q u i c k l y   l i n e a r i z e d  by w r i t i n g   t h e  term (2.16) a8 

61  (x, 2) 

a 

Although t h i s   n o n l i n e a r i t y   l e a d s   t o  some d i f f i c u l t y ,  i t  cannot be 

s t r e s s e d   t o o   h e a v i l y   t h a t   t h e  most pecul ia r   aspec t   o f   th i s   p roblem i s  

the   p re sence   i n  Eq. (2.13a) of   the  unknown wi th   the   re ta rded   a rgument .  

Vector-Matrix  and  Functional  Notation 

There i s  no p o i n t  a t  t h i s   s t age   o f   t he   deve lopmen t   i n   d i scuss ing  

a spec i f ic   p roblem  us ing   the   vec tor   no ta t ion .   There   a re ,   however ,  some 

gene ra l   no ta t iona l   p rob lems .   Cons ide r   f i r s t   t he   ca se   i n   wh ich   t he re  is 

no t i m e  d e l a y .   O r d i n a r i l y ,   a l l   t h e   e q u a t i o n s   a r e   w r i t t e n   i n  term of 

one  subscr ipted unknown, f o r  example, xi . I n   t h i s  case, t h e   v e c t o r i a l  

desc r ip t ion   o f   t he   sys t em i s  

17 



... , ..-,_,, 

where f and 5 are column vec tors   and  A(x) i s  a square  matrix, shown 

t o  be n o n l i n e a r   i n   g e n e r a l .  

For  the  coupled-core  problem,  three unknowns, x, y,  and z a r e  

used i n   o r d e r   t h a t   t h e   s u b s c r i p t s  b e   r e s e r v e d   t o   d e n o t e   t h e   s p e c i f i c  

core   under   cons idera t ion .  The n o t a t i o n  i s  

The e q u a t i o n s   w i t h  time delay   can   be   wr i t ten   in   the   comple te ly  

gene ra l   func t iona l   fo rm 

where   t he   va r i ab le  s i n c l u d e s   a l l   a r g u m e n t s  t - T 2 - S 5 t, where T i s  

t h e  maximum d e l a y   t h a t   a p p e a r s   i n   t h e   e q u a t i o n s .  - 8 is a g e n e r a l  

f u n c t i o n a l  of t h e   v a r i a b l e s   w i t h   t h e i r   v a r i o u s   a r g u m e n t s .  

Some Numerical  Values  for  the  System  Parameters 

The numer ica l   va lues  of the   parameters   l i s ted   be low  a re   based  

upon those  used by Mohler  (1965) i n   s t u d y i n g   n u c l e a r   r o c k e t   s y s t e m s .  

The va lues   used   here   a re   rounded   of f   to  some degree ,   bu t   r ep resen t ,   f o r  

t h e  most pa r t ,   t yp ica l   pa rame te r s .  

Po des ign  .I 2000 raJ 

B = 6 x 

.t - 4 x sec 

= 0.1 sec-l 



- - 1.5 sec 1 

CpPo or %To - f3 a t  2000 EW . 
w 

The coupl ing  parameters  are c a l c u l a t e d  by S e a l c  (1964b) for ROVER type  

rocke t   co res .  A t  a r e p a r a t i o n   d i s t a n c e  of f i f t e e n   f e e t   f o r  two such 

cores ,  

a = 6 x 

T - 3 x 10-4 sec . 

The c o u p l i n g   p a r a m t e r s   c o u l d  be e x t r a p o l a t e d   t o   d i f f e r e n t   s e p a r a t i o n  

d i s t a n c e s  by assuming  the (r var i e s   geomet r i ca l ly ,  or i nve r se ly   w i th   t he  

squa re   o f   t he   s epa ra t ion   d i s t ance , and   t ha t  T i s  p r o p o r t i o n a l   t o   t h e  

sepa ra t ion .  The genera l   approach  t o  the  problem w i l l  be t o   s e e k   t h e  

e f f e c t   o f   v a r i a t i o n s   i n  CY and T o n   t h e   s y s t e m   s t a b i l i t y .  
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Chapter 3 

STABILITY AND THE SECOND METIWD OF LIAPUNOV 
FOR TIME DELAY SYSTEB 

This c h a p t e r   d e a l s   w i t h   t h e   n o v e l   a s p e c t s   o f   t h e   s t a b i l i t y  

problem  for  time delay  systems.  The pr imary  goal   of   course i s  t o  

adap t   t he  Second  Method of Liapunov to   sys t ems   w i th  time de lay .  It 

i s  n e c e s s a r y   f i r s t ,  however, t o   d i s c u s s   t h e   b a s i c   c o n c e p t s   o f   t h e  

Second Method for   o rd inary   sys tems.  The reasons   for   the   inadequacy  

of  the  approach as s t a t e d  become apparent .  

2 s  temg 

The idea  of   the  Second  or  Direct Method of Liapunov i s  t o  

d e t e r m i n e   s t a b i l i t y   f o r  a system  without  an  actual  knowledge of t h e  

so lu t ions   o f   the   sys tem.  The s o l u t i o n s   t o   n o n l i n e a r   s y s t e m s   a r e   n o t  

g e n e r a l l y   a v a i l a b l e  j consequently,  the  Second Method i s  e s p e c i a l l y  

a p p r o p r i a t e   f o r   s t a d y i n g   n o n l i n e a r   s t a b i l i t y .  The t o o l  for s o l v i n g  

t h e   s t a b i l i t y   p r o b l e m  i s  the  Liapunov  funct ion V(xJ , a sca l a r   func -  

t i on   o f   t he   vec to r  z(t) for the   general   nonl inear   autonomous  system 

For   s impl ic i ty ,  V ( 5 )  w i l l  be   denoted  as  V h e r e a f t e r .  

The f u n c t i o n  V, i f  i t  i s  t o  be a Liapunov  function, is  a p o s i -  

t i v e - d e f i n i t e   f u n c t i o n   a c c o r d i n g   t o   t h e   f o l l o w i n g   d e f i n i t i o n   ( L a S a l l e  

and Lefsche tz ,  1961). 
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D e f i n i t i o n  3.1 -- Liapunov  Function 

I f  a f u n c t i o n  V i s  

(a) c o n t i n u o u s   w i t h   c o n t i n u o u s   f i r s t   p a r t i a l  

d e r i v a t i v e s   i n   r e g i o n  H a b o u t   t h e   o r i g i n  

o f   t he   s t a t e   space ,  

( b )   p o s i t i v e   i n  H except  a t  the   o r ig in ,   where  

v(0) = 0, (V i s  p o s i t i v e - d e f i n i t e ) ,  

then V i s  a Liapunov  function. 

The theo rem  fo r   a sympto t i c   s t ab i l i t y  i s  (LaSalle  and  Lefschetz,   1961).  

Theorem 3 . 1  -- Asympto t i c   S t ab i l i t y  

I f   t h e r e   e x i s t s   i n  some reg ion  H abou t   t he   o r ig in   o f  

t h e  s t a t e   s p a c e ,  a Liapunov  function, V, and i f  V, t h e   d e r i v a -  

t i v e   w i t h   r e s p e c t   t o   t i m e ,  i s  n e g a t i v e - d e f i n i t e   a l o n g   s o l u t i o n s  

of Eq. (3.1) i n  H, t h e   o r i g i n  is a s y m p t o t i c a l l y   s t a b l e .  

The p h y s i c a l   i n t e r p r e t a t i o n  of  Theorem 3 .1  i s  i l l u s t r a t e d   i n   F i g .  3.1. '  

The equat ion  V = c o n s t .   r e p r e s e n t s  a s e r i e s  of   c losed   sur faces   about  

t h e   o r i g i n .   I f  $ fo r   t he   sys t em i s  n e g a t i v e - d e f i n i t e ,   t h e   s t a t e  of t h e  

sys t em f o r   a l l   i n i t i a l   c o n d i t i o n s   e n c l o s e d  by H l i es  on   success ive ly  

smal le r  V g s  toward   the   o r ig in .  The reg ion  H f o r  a l inear   sys tem i s  i n -  

f i n i t e  i n  e x t e n t  'and t h e   s t a b i l i t y  i s  g l o b a l .  

The c o n d i t i o n s   f o r   a s y m p t o t i c   s t a b i l i t y  by t h e  Second Method 

a r e   o n l y   s u f f i c i e n t .  Hence, t h e   f a c t   t h a t   s t a b i l i t y   c a n n o t  be  proved 

does   no t   l ead   to   the   conclus ion   tha t   the   sys tem i s  uns t ab le .  The pro- 

blem i s  t o   s e l e c t  a s u i t a b l e  V s u c h   t h a t   a s y m p t o t i c   s t a b i l i t y   c a n   b e  

d i scove red   i f   t he   sys t em i s  asympto t i ca l ly   s t ab le .   The re   a r e   obv ious ly  
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a g r e a t  many V's which meet the   cond i t ions   o f   Def in i t i on   3 .1  and  Theorem 

3.1 for   any   s tab le   sys tem.  

An important V, e s p e c i a l l y   f o r   t h i o  problem, i s  the   general   quad-  

S y l v e s t e r D s  Theorem (LaSalle  and  Lefachetz,  1961) g i v e s   t h e   c o n d i t i o n s  

f o r   t h e   s i g n - d e f i n i t e n e s s   o f  a quadrat ic   form.  This w i l l  prove extreme- 

l y   u s e f u l .  

Theorem  3.2 -- Sign-Defini teness   of  a Quadra t ic  Form 
n 

The f u n c t i o n   b i j x i x j  is positive(negative)-definite c 
i, 1-1 

i f   t h e   s u c c e s s i v e   p r i n c i p a l   m i n o r s  of the  symmetric  determin- 

a n t   l b i j  I a r e   p o s i t i v e ( n e g a t i v e )  . 

The second  order   quadrat ic   form 

i s  p o s i t i v e   d e f i n i t e  by Theorem  3.2 if 

b l l  > O 

b l lb12  - b12 > O 
2 

The gene ra l   ma t r ix   no ta t ion   fo r   t he   quadra t i c   fo rm i s  

v - j L  g x  T 
(3.3) 

where 2 is t h e   s y m e t r i c   m a t r i x  
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and xT is t he   t r an rpose   o f   t he  column s t a t e  v a r i a b l e   v e c t o r  x . 

The mechanics   o f   so lv ing   the   s tab i l i ty   p roblem  us ing  a q u a d r a t i c  

form  include a l i n e a r i z a t i o n   o f   t h e  Eqs.  (3 .1) .  V i s  then   cons t r a ined  

to   be   nega t ive -de f in i t e   a long   so lu t ions   o f   t he   l i nea r   sys t em.  This 

process   de te rmines   the   admiss ib le   va lues  of t h e   b i j P s .  The n e x t   s t e p  

i s  t o   c a l c u l a t e  V for   the  nonl inear   system,  which is ,  from  Eq. ( 3 . 1 )  and 

E q .  ( 3 . 4 )  i s  then  examined t o   f i n d   t h e   v a l u e s   o f  x for   which V i s  

negat ive .  The r e g i o n  H i n   t h e  s t a t e  space io t h e   i n t e r i o r   o f   t h e   l a r g -  

e s t  V which f i t s   i n   t h e   r e g i o n  < 0 . 
A method  whereby a q u a d r a t i c  V i s  e s s e n t i a l l y   g e n e r a t e d  i s  found 

by d i agona l i z ing   t he   l i nea r i zed   Eqs .  ( 3 . 1 )  and  descr ib ing   the   sys tem  in  

i t s  canon ic   va r i ab le s ,  Z. Eq. (3.1) i s  s e p a r a t e d   i n t o  a l i n e a r   p l u s  a 

non l inea r  component, 

w i t h  & t h e   s q u a r e   u n i t  matrix, and E&) t h e  column vec to r   func t ion   o f  

t h e  assumed s e p a r a b l e   n o n l i n e a r i t i e s .  The s o l u t i o n s   t o   t h e   l i n e a r   s y s -  

t e m  take  the  form 

~ X P  (tit) 
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I f   a 1 1   t h e   e i g e n v a l u e s   h a v e   n e g a t i v e  real  p a r t s ,   t h e   s o l u t i o n s   d e c r e a s e  

exponent ia l ly ,   therefore   the   sys tem i s  asympto t i ca l ly   s t ab le .  

The l i n e a r   t r a n s f o r m a t i o n  

- x = p z  (3.6) 

r e s u l t s   i n  a l i n e a r   s y s t e m   r e p r e s e n t a t i o n  

Furthermore, if 

where i s  a d i a g o n a l   m a t r i x   w i t h   t h e   e i g e n v a l u e s   a s  i t s  elements,   then 

t h e   v a r i a b l e s  Z a r e   t h e   c a n o n i c   v a r i a b l e s  of t he   l i nea r   sys t em.  The V 

f u n c t i o n  
n 

when d i f f e r e n t i a t e d   w i t h   r e s p e c t   t o  time, y i e l d s  
n 

Clear ly ,  V i s  pos i t i ve -de f in i t e   and   s ince   t he   e l emen t s   o f  4 are   nega-  

t ive  by t h e   s t a b i l i t y   r e q u i r e m e n t s  of the   l i nea r   sys t em V is  negat ive-  

d e f i n i t e .  Thus a s y m p t o t i c   s t a b i l i t y  i s  concluded. The f i n a l   s t e p s   a r e  

t o   t r a n s f o r m   b a c k   t o   t h e   r e a l   s y s t e m   v a r i a b l e s  x by means of Eq. (3.6), 
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add  the   nonl inear  tar- t o  

This  approach i s  a t  

d i f f i c u l t y   i n   t h e   m r c h a n i c s  

V , and   f i nd   t he  

least  methodical.  

o f   t he  method can 

invo lved   i n   f i nd ing   t he   e igenva lues  and t h e  

r e g i o n  E . 
Hatever, cons ide rab le  

be  envis ioned.  The labor  

matrix a long   w i th  i t s  i n -  

v e r s e ,  would  be  prohibi t ive  for   high  order   systems.   This   approach w i l l  

b e   u s e f u l   a s  a guide  toward  drawing  conclur ions  en  the  general   proper-  

t i e s   o f   q u a d r a t i c  V func t ions   fo r   t he   p rac t i ca l   p rob lems   t o   be   cono ide r -  

e d  . 

A non-quadratic V funct ion  could  be  sought   for   the  general   non-  

l i nea r   sys t em.   Spec i f i ca l ly ,   t he   Var i ab le   Grad ien t  Method (Schul tz ,  

1962) assumes a gene ra l   g rad ien t   o f  V from  which V i s  found t o   b e  

V = Z r  . T '  

i s  cons t r a ined  to be   nega t ive -de f in i t e  by a proper   choice  of   the   co-  

e f f i c i e n t s   i n  . S i n c e   t h e s e   c o e f f i c i e n t s  may be   func t ions   o f   the  

s t a t e   v a r i a b l e s ,  a l i n e   i n t e g r a t i o n   o f  JJ may y i e l d  a non-quadratic 

or   even  a non-a lgebra ic  V . Although  th i s  method may y i e l d   e x c e l l e n t  

r e s u l t s   o r d i n a r i l y ,  i t  w i l l  be   s een   t ha t   on ly   quadra t i c  V func t ions   can  

be eas i ly   ex tended  t o  include  t ime  delay  problems. 

An Attempt t o  Extend  the  Second Method t o  Time Delay Systems 
~" 

I n   o r d e r   t o  i l l u s t r a t e  d r a m a t i c a l l y   t h e   d i f f i c u l t i e s   i n v o l v e d  

i n   t h i s  probldm,  an  attempt i s  made t o   e x t e n d   t h e  Second  Method d i r e c t -  

l y   t o   t h e   f l r r t   o r d e r  time delay  system 

- ;(t) = - a x ( t )  - bx(t-T) . (3.7) 

The q u a d r a t i c  V i s  
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v = X+) 

and t h e  time d e r i v a t i v e  i r  

1 '  5 V - -a x (t) - bx(t) x (t-T) 2 (38) 

The  method f a i l s .  Due to  t h e  cross product   x( t )x( t -T) ,   no  conclur ion 

a s  t o  the   s ign -de f in i t eness   o f  V can  be  drawn. 

Some i n s i g h t   c a n  be obtained by a c t u a l l y   s o l v i n g  Eq. (3 .7) .  It 

i s  i m e d i a t e l y   a p p a r e n t   t h a t  a s o l u t i o n   f o r  t 2 0 depends  upon known 

v a l u e s  of x f o r   a l l  -T 5 t 5 0 . This i s  an   impor tan t   d i f fe rence   be tween 

systems  with  and  without  time d e l a y .  The s o l u t i o n s   t o   d i f f e r e n t i a l   e q u a -  

t ions  without   the  ra tarded  argument   depend  only upon t h e   i n i t i a l  con- 

d i t i o n s  or v a l u e s   o f   t h e   v a r i a b l e s   a t  t - 0 . The s o l u t i o n s  to time 

de lay   equat ions ,   however ,   depend  upon  en t i re   in i t ia l   func t ions   def ined  

over -T 5 t 5 0. T h u s   t h e   s o l u t i o n s   t o  two time delay  equat ions  could 

have  the same v a l u e   a t   t h e   i n i t i a l   i n s t a n t .  t - 0, b u t   d e e c r i b e  corn- 

p l e t e l y   d i f f e r e n t   t r a j e c t o r i e s   d u e   t o   d i f f e r e n t   i n i t i a l   f u n c t i o n s .  

The equat ion  (3.7) i s  solved by s t ep -wise   i n t eg ra t ion   ove r   each  

i n t e r v a l   o f  time of   l ength  T s t a r t i n g   a t  t = 0 . I f  x - 1 f o r  -T 5 t 5 0, 

t h e   r e s u l t  i s  

where xn(t)  i s  t h e   s o l u t i o n   f o r   t h e  time i n t e r v a l  (n-1)T 5 t L nT. 
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The genera l   form shown i r  obta ined  by i n d u c t i o n   f r o m   t h e   s o l u t i o n s   f o r  

a few time I n t e r v a l s .  

The s o l u t i o n   o f  Eq. (3.7) f o r  a=b=T=l i s  shown i n  F i g .  (3.2). 

Because t h i s  i s  a f i r s t   o r d e r   s y s t e m ,   t h e   o s c i l l a t o r y   b e h a v i o r  i s  most 

unusua l .   F i r s t   o rde r   sys t ems   w i th  no time d e l a y   e x h i b i t   p u r e l y   r e a l  

exponent ia l   behavior .   Only   second  or   g rea te r   o rder   sys tems  wi th  no de- 

l ay  may o s c i l l a t e .  

Because x o s c i l l a t e s ,  V = x2 a l s o   o s c i l l a t e s .   T h e r e f o r e ,  

mus t   be   pos i t ive   par t   o f   the  time, even  though  Fig. (3.2) sugges ts   an  

a sympto t i ca l ly   s t ab le   behav io r .  The s p e c i f i c   s o l u t i o n   i n  time of  V f o r  

t h i s  example  appears   in  Fig .  ( 3 . 3 ) .  

Modif ica t ion   of   the  Second Method f o r  Time Delay  Systems 

The  Second Method of  Liapunov  must  be  generalized  to  include 

cases   such   a s   t he   one   examined   i n   t he   p rev ious   s ec t ion .   In   r ea l i t y ,  

t h i s   d o e s   n o t   l e a d   t o  a modif ica t ion   of   the   fundamenta l   concepts   o f   the  

Second  Method.  The idea  s t i l l  i s  t o   f i n d  a pos i t ive-def in i te   L iapunov 

func t ion  and t o  draw  asymptot ic   s tab i l i ty   conc lus ions   based  upon t h e  

nega t ive -de f in i t eness   o f  i t s  time d e r i v a t i v e .  The  changes are made 

wi th in   t he   a sympto t i c   s t ab i l i t y   t heo rem.  The V f u n c t i o n   f o r   a n  asymp- 

t o t i c a l l y   a t a b l e   s y s t e m   w i t h   d e l a y  must eventua l ly   decrease   toward   the  

or ig in   o f   the   s ta te   space ,   even   though i t  does  not  demonstrate a mono- 

ton ic   behavior .  By way of   comparison  with  systems  with no delay,  con- 

e i d e r   a n   o r d i n a r y  damped spring-mess  system. A s u i t a b l e  V f o r   t h i s   c a s e  

i s  t h e   k i n e t i c   p l u s   t h e   p o t e n t i a l   e n e r g y   o f   t h e  mass. Even though  the 

s y s t e m   s t a t e   v a r i a b l e s ,   p o s i t i o n   a n d   v e l o c i t y ,   o s c i l l a t e ,   t h e   t o t a l  
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FIGURE 3.3. 

v = x'ct, 
F O R  

k t ,  = - X ( t )  - X ( t - l  1 
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e n e r g y   o r  V decreases   monotonica l ly   for  a l l  time. 

B e f o r e   a s y m p t o t i c   s t a b i l i t y  i s  considered, it i s  i n s t r u c t i v e   t o  

d i s c u s s   o r d i n a r y   s t a b i l i t y   o r   b o u n d e d n e s s   o f  time delay  systems.  This 

approach  provides  some i n s i g h t   t o   t h e   d i f f i c u l t i e s   i n v o l v e d .   D r i v e r  

(1962,-  p. 405) s t a t e s   a n   i m p o r t a n t  le- d e a l i n g   w i t h   t h e   r e l a t i o n s h i p  

between time delay  systems  and  ordinary  systems.  

Lemma 3.1 

If t h e r e   e x i s t s  a continuous,   non-negative  function 

w ( r )  f o r  t 2 0, r 2 0, and a continuous,   non-negative  function. 

V ( t )  f o r  t 2 - T and if: . 

(a) i(t) 5 w [V(t)]  whenever V(S) ,< V ( t )  f o r  a l l  

t - T j S , < t ;  

(c) t h e   s o l u t i o n  r( t)  of +(t) = w [ r ( t ) J  , r ( 0 )  = ro, 

exists f o r  t 2 0 ; 

then  

f o r   a l l  t 2 0 . 
The le- i s  proved by Driver  (1962,  pp. 405-406). Lemma 3 . 1   s t a t e s  

t h a t   i f   t h e   d e r i v a t i v e  of V i s  bounded by w whenever V is growing,  then 

a l l   s o l u t i o n s  V a r e  bounded by t h e   f u n c t i o n  r .  This i s  shown i n  F i g .  3.4. 

Drive r ' s   s t ab i l i t y   t heo rem i s  (1962, p. 417) now s t a t e d .  

Theorem 3 . 3  - S t a b i l i t y  of Time Delay  Systems 

I f   t h e   f u n c t i o n  w ( t , r )  i s  non-negative  and i f   t h e r e  exists 

a f u n c t i o n  V ( t , x )  defined  whenever t > -T and Ib 11 < H i n  E 
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s u c h   t h a t  

(4 V(t,o) - 0 ; 

(b) V(t,x) i s  cont inuous   in  t and l o c a l l y   L i p s c h i t z   w i t h   r e s p e c t  

t o  x ( f o r   a l l  0 5 y < Q) and  every  compact se t  F i n  H there 

exists a c o n s t a n t  $,p s u c h   t h a t  

IV( t ,x l )  - V(t,x2) I 5 $,F 1b1 - x211 

whenever -T 5 f 5 y and x1 , x2 i n  P) ; 

(c) V(t,x) 2 wl(x), a p o s i t i v e   c o n t i n u o u s   f u n c t i o n   f o r   a l l  

IbII < H e x c e p t   a t   t h e   o r i g i n   o f  E, and 

(d) d e f i n i n g Y ( t , x ( s ) )  - V(t ,x( t ) ) ,  w e  have 

'V*(t,x(s>) 5 w L t , v < t , x < t > > l  

whenever t > 0 and  x con t inuous   i n  H from -T t o  t, and 

(whenever) V [s,x(s)] 5 V [ t ,x( t ) ]  

f o r   a l l  t - T I  s 5 t , 
t h e n   t h e   s o l u t i o n   x ( t )  - 0 of (e) i s  s t a b l e   t o   t h e   r i g h t   o f  

t = 0. 

This  theorem i s  quoted  f rom  Driver 's   paper   except   that   he   does  not  u s e  

t h e  symbol x fo r   h i s   sys t em  dependen t   va r i ab le  and  he cons ide r s  t i m e -  

dependent   de lays   ins tead   of   the   cons tan t  T.  The n o t a t i o n  (t) r e f e r s  

t o   t h e   s y s t e m   e q u a t i o n  

- i(t) - d' [ z (s )  J 
and,   accordingly,  +* i s  t h e   d e r i v a t i v e   o f  V a long   so lu t ions   o f   t he  

system. 

Theorem 3 . 3  a lso   cons iders   the   non-autonowus   or   t ime-vary ing  

c a s e s .   I n   t h i s   s t u d y ,   s u c h   s y s t e m s   a r e   o f  no i n t e r e s t .  Hence,  condi- 

t i o n  ( c )  merely means t h a t  V i s  p o s i t i v e - d e f i n i t e ;   t h e n   c o n d i t i o n  (a) 
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i s  a l w a y s   s a t i s f i e d .  

The n o t a t i o n  lkll r e f e r s   t o   t h e  norm of ~f. o r  the maximum l e n g t h  

i n   t h e   r e g i o n  H. These new n o t a t i o n a l   f e a t u r e s  w i l l  be  used  henceforth.  

From Lemma 3 . 1  and  Theorem 3 .3 ,  i t  i s  a p p a r e n t   t h a t   t h e   o n l y  

u s e f u l  w(V) i s  w - 0 . I n   t h i s   c a s e ,   a l l   s o l u t i o n s   t o   t h e   d e l a y e d  

system  are  bounded by a cons tan t .   Equat ion  (3 .7)  i s  cons ide red   i n  

o r d e r   t o   i l l u s t r a t e   t h e   a p p l i c a t i o n  of Theorem 3 . 3  t o  time delay  pro-  

blems. V i s  chosen   to   be  

v = x  2 , 
and  a long  solut ions  of  ( 3 . 7 ) ,  

1 .  7 V = - ax2(t)  - bx( t )x( t -T)  . 
Whenever v [X<S>l  5 v Cx<t>J , 

x2(s)  5 x2( t )  ; 

Ix(s) I 5 I x W  1 
hence 

f o r   a l l   t - T  ,< S 5 t . It i s  c l e a r   t h a t  

1 < -ax2( t )  + Ibx(t)x(t-T) 1 
2 -  

Because v = X Q t )  , 
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t hus ,  by Lemma 3.1, a l l  s o l u t i o n s  V are bounded by t h e  maximal s o l u t i o n  

of 

v - 0  

v - sup x (e) ; 2 -T 5 . S  5 0 , 

so a l l   s o l u t i o n s   t o  Eq. (3.7) a r e   c o n t a i n e d   i n   t h e   r e g i o n  

or w i t h i n   t h e   r e g i o n  bounded by t h e  maximum v a l u e  of t h e   i n i t i a l  con- 

d i t i o n s  of Eq. ( 3 . 7 ) .  . 

The c o n c l u s i o n ' i s   t h a t   t h e   s o l u t i o n s  of t h e  sys t em a r e   s t a b l e  

unde r  the   condi t ione   g iven   independent   o f   the   de lay  time T.  I n   t h e  

g e n e r a l   c a s e ,   t h e   v a r i a b l e  s d e s c r i b e s   a l l   v a l u e s   o f   t h e   d e l a y   f r o m  

ze ro  up  t o  some maximum v a l u e  T i f   s e v e r a l   v a r i a b l e s   a r e   d e l a y e d .  

Again, t h i s   t heo rem  conc ludes   s t ab i l i t y   bu t   no t   a sympto t i c   s t ab i l i t y ,  

a l t hough   t he re  may b e   s o l u t i o n s   i n   t h e   r e g i o n  V 5 ro which  are  asymp- 

t o t i c a l l y   s t a b l e .  

It appears   on  the  basis  of Theorem 3 . 3  t h a t   a s y m p t o t i c   s t a b i l i t y  

is  d i f f i c u l t   t o  show. D r i v e r u s   a s y m p t o t i c   s t a b i l i t y   t h e o r e m  ( 1 9 6 2 ,  

p. 4 2 2 ) ,  however,  makes t h i s   t a s k   l e s s   d i f f i c u l t .  

Theorem 3 . 4  - Asymptot ic   S tab i l i ty   o f  Time Delay  Systems 

Consider   equat ion (+) wi th   t he   a s sumpt ion   t ha t  & ( t ,x(s))  

= & ( t , x ( s ) ,g ( t ) )   where   g ( t )  3 00 a s  t -00 . I f  t h e r e  exists a 
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funct ion  V(t ,x)   def ined  whenever  t 2 g(0) and x i n  H s u c h   t h a t  

(a) V(t,x) 5 W (x), a cont inuous   func t ion  for a l l  x i n  H 

w i t h  W(0) - 0 (an   in f in i tes imal   upper   bound) ;  

(b)  V(t,x) i s  c o n t i n u o u s   i n  t and l o c a l l y   L i p s c h i t z   w i t h  

r e s p e c t   t o  x ( a s   d e f i n e d   i n  Theorem 3 . 3 )  ; 

(c) V(t ,x)  2 wl(x), a p o s i t i v e   c o n t i n u o u s   f u n c t i o n   f o r   a l l  

x i n  H e x c e p t   a t   t h e   o r i g i n   o f  E, and 

(d) There exis ts  a cont inuous,   non-decreasing  funct ion 

f ( r )  > r f o r   a l l  r > 0 and a cont inuous   func t ion  w(x) > 0 f o r  

a l l  x i n  H 

whenever t 

eve r )  

except  at t h e   o r i g i n   o f  E s u c h   t h a t  

- > 0, x c o n t i n u o u s   i n  H f o r   g ( t )  s 5 t , and (when- 

f o r   a l l   g ( t )  5 s i t , 
t h e n   t h e   s o l u t i o n  x ( t )  = 0 of  (e) i s  un i fo rmly   s t ab le  and 

a s y m p t o t i c a l l y   s t a b l e   t o   t h e   r i g h t   o f  t = 0 .  I f   g ( t )  2 t - T 

f o r  t 2 0, where T 2 0 i s  a cons t an t ,   t hen   t he   a sympto t i c   s t a -  

b i l i t y  i s  uniform. 

The theorem  as  quoted i s  proved by Driver ( 1 9 6 2 ,  pp. 4 2 2 - 4 2 4 ) .  I n  

Theorem 3 . 4 ,  only bounded t y p e s   o f   d e l a y s   a r e   c o n s i d e r e d .   I n   t h i s   s t u d y ,  

s p e c i f i c a l l y ,   g ( t )  - t - T , As before,   because  only  the  t ime-invari-  

a n t   c a s e  i s  o f   i n t e r e s t ,   c o n d i t i o n s   ( a )  and (c) m e r e l y   a s s e r t   t h e  

p o s i t i v e - d e f i n i t e n e s s   o f  V . When t h i s  i s  t r u e ,   t h e   f u n c t i o n s  W(x) and 

wl(x) a n d '   i d e n t i c a l   t o  V(x) . 
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The important   condi t ion  of  Theorem 3.4 i s  condi t ion   (d) .   This  

c o n d i t i o n   r e q u i r e s   t h a t  is negat ive-def in i te   whenever  f [V[x(t)]] i s  

g r e a t e r   t h a n  V has  been i n   t h e   p a s t ,   b a c k   t o  t - T . This   condi t ion  

admits V's which  decrease  nonmonotonically.  Examples  of  stable  and 

u n s t a b l e   b e h a v i o r   a r e   g i v e n   i n  Fig.. 3.5 f o r  f(V) = V/q w i t h  0 < q < 1 . 
Krasovski i  (1963, p. 157) g ives   an   a sympto t i c   s t ab i l i t y   t heo rem 

which i s  i n c o r r e c t l y   s t a t e d   ( D r i v e r ,  1965). Krasovsk i i   appea r s   t o  re- 

q u i r e   t h a t   t h e   d e l a y   i n e q u a l i t i e s  V[x(x)] < f :V[x(t)]f ho ld   a s  a con- 

d i t i o n  of the   theorem.   That   th i s  i s  not  t r u e  can  be  seen  from  the  ex- 

ample f i g u r e s .  Theorem 3 . 4  r e t a i n s   t h e   g e n e r a l i t y  of a theorem  for  

systems  with no d e l a y .   I n   t h i s   e v e n t ,   t h e   d e l a y   i n e q u a l i t i e s   a r e   n o t  

needed t o  show the   nega t ive-def in i teness   o f  V because V has a monotonic 

behavior  (DrFver, 1965) .  

A s  an  example,   again Eq. ( 3 . 7 )  i s  cons ide red .   I f  

v = x2 

then 

- 1 -  v I - axZ( t )  - b x ( t ) x ( t - T ) .  
2 

Whenever 

Ix(s)  I < 2 l x < t > l  
J;; 

so -w(x) i s  

-w(x) = -(a - I ) x 2 ( t )  , 
Ji 

which i s  n e g a t i v e - d e f i n i t e   f o r  

a & >   l b l  . 

(3 . lo)  

(3.11) 
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Thus f o r   t h e   r a n g e  of  parameters (3.11), V e v e n t u a l l y   d e c r e a s e s   f o r  

a l l  t - T 5 S 5 t and the system i s  asymptot ica l ly   s tab le   independent  

o f   t he   i n i t i a l   cond i t ions   and   t he   magn i tude   o f   t he   de l ay .  The parame- 

ter q i s  a r b i t r a r y   s u b j e c t   t o  0 < q < 1 ; bu t  q v e r y   c l o s e   t o   u n i t y   i n  

( 3 . 1 1 )   l e a d s   t o   t h e   g r e a t e s t   r a n g e  of parameters   for   which (3.10) i r  

s i g n - d e f i n i t e .  

Razumikhin  (1960)  suggests a subs t i t u t ion   wh ich   p rov ides  sta- 

b i l i t y  resul ts  a s  a f u n c t i o n  of T. The i d e a  i s  baaed  upon  the  use  of 

t h e  mean v a l u e  of t h e   s o l u t i o n   o v e r  any t - T 5 S 5 t . I f  x(a) i s  t h e  

mean va lue  of x ( s )   ove r   t he   i n t e rva l ,   t he   a r ea   unde r   t he  cu rve  equa l s  

the  product  of t h e  mean va lue   and   t he   w id th   o f   t he   i n t e rva l ,   o r  

t 

%(a) = 1 x(r )ds   (3 .12)  

t -T 
The t ime   de r iva t ive  of Eq. (3 .12)   gives ,   s ince ;(a) = - - dx da  

d a  d t  ' 

x ( t - T )   x ( t )  - T ;(a) . (3.13) 

The technique i s  t o  write t h e   o r i g i n a l   s y s t e m   e q u a t i o n s   i n  terms of u . 
I n   t h i s   c a s e ,  

;(a) = -ax(a)  -bx(a-T)  (3.14) 

I f  Eq.  (3.14) i s  s u b s t i t u t e d   i n t o  Eq. (3.13), i t  i s  found t h a t  

x(t-T) - x( t )  + aT x(a) + bT x(a-T) . (3.15) 

Next, Eq. (3.15) i s  s u b s t i t u t e d   i n t o  , which   y ie lds  

1 '  V = -(a"b)x*(t) - abTx(t)x(a)-b 2 Tx(t)x(a-T) , 
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and,   as   before ,  

. 
- V S  1 -(a+b)x2(t)  + (abTx(t)x(a)  I+lb2Tx(t)x(a-T) I . (3.16) 
2 

Now t h e r e   e x i s t  two i n e q u a l i t i e s   o f   t h e   f o r m  (3 .9)  -- one   fo r   t he   i n t e r -  

v a l  6 - T t o  t ,  and the   o ther   f rom cr - T t o  u . The choice  of q such 

t h a t  

and 

f o r  any g iven   va lue   o f  T, desc r ibes  a more r e s t r i c t e d   c l a s s   o f   c u r v e s  

w h i c h   s a t i s f i e s   t h e   d e l a y   i n e q u a l i t i e s .   I n e q .  (3 .16 )  now becomes 

2 V 5 - [(a+b) - - - - 1 '  lab1 T b2T ] x2(t)  

& &  , 

which   cons is t s  of t he  two s e p a r a t e   c a s e s ,  

- 1 '  v 5 - [a(l-bT)+b(l-bT)] x 2 ( t )  
2 

f o r  a > 0 , b > 0, and 

- 1 '  v < - [a(l+bT) + b(1-bT)] x 2 ( t )  
2 -  

f o r  a < 0 , b > 0 . Note  that  q i s  chosen   c lose   t o   un i ty .  

The nega t ive -de f in i t eness  of t h e   r i g h t   s i d e s   o f   t h e s e  two i n -  

e q u a l i t i e s  i s  e n s u r e d   i f  
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a T > O   , O < b T < l  ; 

(3.17) 

F i g .   3 . 6   i l l u s t r a t e s   t h e   r e g i o n   o f  s table  parameters  from (3.11), 

t he  case independent   of   the   delay.   Figure 3.7 shows t h e   r e s u l t   o b t a i n e d  

i n  (3 .17 )   a long   w i th   t he   t o t a l   r eg ion   ob ta ined  by superimposing  the two 

results. This   technique i s  v a l i d   d u e   t o   t h e   s u f f i c i e n c y  of the  s t a -  

b i l i t y   c o n d i t i o n s   p r o v i d e d  by the  Second  Method. The maximum value  of  

-aT i n   F i g .  3 .7  occurs a t  b = J? - 1 and equa l s  2 J ?  - 3 . The r e s u l t s  

a r e   s e e n   t o   b e   c o n s e r v a t i v e   w h i l e   p r o v i d i n g  a good estimate o f   t h e   t r u e  

r eg ion .  

The  boundary  of  the exact r eg ion  shown i n  F i g .  3.7  and 3.8 i s  

found by taking  the  Laplace  Transform  of  Eq. (3.7) and  solving  the r e -  

s u l t i n g   c h a r a c t e r i s t i c   e q u a t i o n .  If p = j w  i s  the   Laplace  Transform 

v a r i a b l e ,   t h e   e q u a t i o n  i s  

p + a + b exp(-pT) = 0 

S ince  

exp[-jwT] = COSWT - j s i n  WT , 
t h e   p a r a m e t r i c   e q u a t i o n s   f o r   t h e   r o o t s   o f   t h e   c h a r a c t e r i s t i c   e q u a t i o n  

a r e  

aT = -UT c o t  UT , 

(3.18) 

bT = [(UT) + (aT)2] 
1/2 

and f o r  T = 0, 

p = -(a*) . 
4 1  
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I n   o r d e r   t h a t  a l l  s o l u t i o n s   d e c r e a s e   e x p o n e n t i a l l y ,  a l l  r o o t s   o f   t h e  

c h a r a c t e r i s t i c   e q u a t i o n  must  have  negative rea l  p a r t s .  The lower bound 

i s  then  

(a + b) > 0 

and the  upper  bound r e s u l t s   f r o m  Eq. ( 3 . 1 8 ) .  

An approximate  answer  resul ts   i f   the   lowest   order   Pade  Approxi-  

mant (Weaver, 1963, pp. 75) i s  used.  For  example, i f  

t h e   r e s u l t i n g   a l g e b r a i c   c h a r a c t e r i s t i c   e q u a t i o n   h a s   r o o t s   w i t h   n e g a t i v e  

r e a l   p a r t s  i f  

aT > - bT 

bT < 2 + aT 

The exact  and  approximate  regions of s tab le   parameters   appear  

i n   F i g .  3 . 8 .  The approximate  approach resul ts  i n   a n   o v e r e s t i m a t e  of t h e  

r e g i o n   o f   s t a b i l i t y .   T h i s  i s  a h i g h l y   u n d e s i r a b l e   s i t u a t i o n   i f  a prac- 

t i c a l  problem is under   cons idera t ion .  The e x a c t  resul t  can  be  found 

f rom  the   cha rac t e r i s t i c   equa t ion   on ly  i f  t he  sys t em i s  l i n e a r .   F o r   t h i s  

reason  and  because  the  process becomes extremely  unwieldy  for  high  order 

systems,  the  approach i s  of l i t t l e  i n t e r e s t .  The p o i n t  i s  t h a t  any  such 

approximation  should  be  ruled  out   on  pract ical   grounds.  The de lay  term 

c o u l d   i n   f a c t   b e   r e p r e s e n t e d   a s  a t r u n c a t e d   T a y l o r   s e r i e s  

x( t -T)  W x ( t )  - S(t) 

and inco rpora t ed   i n to  a nonl inear   system.  Again,   there   can  be no guaran- 

tee a s   t o   t h e   q u a l i t y   o f   t h e  r e su l t .  
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The concept   of  a Liapunov  funct ional   should  be  considered 

b r i e f l y   b e c a u s e  i t  seems a t   f i r s t   t o  b e   n a t u r a l   t o   t h e  time delay  pro-  

blem.  Krasovskii  (1963) suggests   the  use  of   the   form 

v = x 2 ( t )  + a st x2(s )ds  , 
t -T 

f o r   t h e  sys t em ( 3 . 7 ) .  The time de r iva t ive   a long   so lu t ions   o f  (3 .7)  i s  - - ax2( t )  - 2bx(t)x(t-T)-ax2(t-T) 

which i s  n e g a t i v e - d e f i n i t e   i f  

a > O ;   l b l < a  

This  i s  t h e  same r e s u l t   a s  found  previously  using V = x2 . This  approach 

is natura l   because  i t  y i e l d s  a n e g a t i v e - d e f i n i t e   f o r   a l l  time. 

The d i f f i c u l t y   w i t h   t h e  method i s  t w o f o l d .   F i r s t ,  x ( t )  and 

x ( t - T )  a r e   t r e a t e d  as two d i s t i n c t   s t a t e   v a r i a b l e s   i n  V . This i n -  

creases   the  dimensional i ty   of   the   system.  Secondly,  i t  a p p e a r s   t h a t  

f o r  a nonlinear  problem, no r e g i o n   o f   s t a b i l i t y   c a n  be  found  due t o   t h e  

uns ta t ionary   na ture   o f  V .  An a c t u a l   s o l u t i o n   i n   t i m e  must  be  found t o  

e v a l u a t e  V and t h e r e f o r e   t h e   r e g i o n   o f   s t a b i l i t y .  The method i s  u s e f u l  

on ly   for  low orde r   l i nea r   sys t ems .  

Higher  Order  Systems 

Ineq .  (3 .9 )  i s  a r e l a t i v e l y   s i m p l e   r e l a t i o n s h i p   f o r   t h e   f i r s t  

o r d e r   c a s e .   I f   t h e   s y s t e m  is ,  for  example,  second  order  and i f  

v - x12( t )  + x22 (t) , 
then   Ineq .  (3 .9)  is  
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x12(r) + x22(r) < 1 Lx1qt)  + x 2 2 ( t ) ~ .  
q 

Becauae the   de l ayed   va r i ab le s   appea r   i n   t he   equa t ion .  a0 xl(s) o r  

x2( r )   a lone ,  it i r  n e c c r r a r y   t h a t   t h e   i n e q u a l i t y   b e   r e w r i t t e n   t o   o b -  

t a i n   t h e   v a r i a b l e s   i n   a n   i s o l a t e d ,   u s e f u l  form. In t h i s  cane it is  

clear t h a t  

x12(r )  < 1 [x12(t) + x22(t)J 
4 

and 

x22(s) < 1 [x12(t> + x22(t)J 
9 

The r e l a t i o n s h i p  

must  hold  due t o   t h e   a d d i t i o n   o f   p o s i t i v e   c r o s s   p r o d u c t s  on t h e   r i g h t  

s ide .   The re fo re  

Ix1(4  I and IXq(S)  I 

are   independent ly  less than  

and i n   g e n e r a l ,   f o r   a n   n t h - o r d e r   s y s t e m ,  
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(3.19) 

j-1 

d e s c r i b e s  a l a r g e r   c l a s s   o f   c u r v e s   w h i c h   s a t i s f i e s   t h e   o r i g i n a l   i n -  

e q u a l i t y .  This i s  a less r e s t r i c t i v e   c o n d i t i o n   m a t h e m a t i c a l l y ;   b u t  

t he  number o f   so lu t ions   wh ich   ac tua l ly   s a t i s fy   (3 .19 )  may be so small 

tha t   t he   r ange   o f   va l id i ty   o f   t he  resul ts  i s  s e v e r e l y   r e s t r i c t e d .  

Fur thermore ,   i f  V i s  the   gene ra l   quadra t i c   fo rm 

v =z%z, 
t h e   c l a s s   o f   c u r v e s   w h i c h   s a t i s f y   t h e   i n e q u a l i t i e s  i s  e n l a r g e d   f u r t h e r .  

For  example, i f  
I x12 + x  x + x22 , 

1 2  

the   on ly  way t h a t   x 1   o r  x2   can   be   ob ta ined   separa te ly   such   as   in   Ineq .  

(3 .19) ,  i s  t o   r e s t r i c t   t h e  sum o f   t he   squa res   o f   x ( t )   t o   be   g rea t e r   t han  

t h e  sum of   the   squares   o f   the   x (s ) .  The sum o f   t he   squa res   o f   e i t he r  

v a r i a b l e  i s  the  square  of   the   radius   of   an  n-dimensional   sphere,   thus  

i t  i s  n e c e s s a r y   t o   f i n d   t h e   r a t i o   o f   t h e   l a r g e s t   t o   t h e   s m a l l e s t   s p h e r e  

which   un ique ly   in te rsec ts   the   n -d imens iona l   e l l ip t ica l   form.  

The process  i s  shown g e o m e t r i c a l l y   i n   F i g .  3.9. for   the   second 

order   case   under   cons idera t ion .  The r a t i o   o f   t h e   r a d i i - s q u a r e d  i s  3 , 
t h e r e f o r e   t h e   i n e q u a l i t y   r e l a t i o n s h i p  i s  

C l e a r l y ,   t h e   a d d i t i o n a l   f a c t o r  $3 w i l l  cause   the  method t o  become re- 

s t r i c t i v e   i f   t h e   d e l a y   i n e q u a l i t y   s u b s t i t u t i o n s  r e s u l t  i n   p o s i t i v e  quad- 

r a t i c  terms i n  3 .  This is ,  i n   f a c t ,   t h e   c a s e .   I n   t h e   g e n e r a l   n t h - o r d e r  

c a s e ,   t h e   s p h e r i c a l   i n t e r s e c t i o n s  of t h e   q u a d r a t i c   s p a c e   s a t i s f y  
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FIGURE 3.9. 
CIRCLE-ELLIPSE RELATIONSHIPS 
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. .... 

t h e   s p h e r i c a l   i n t e r s e c t i o n s  of t h e   q u a d r a t i c  space s a t i s f y  

or 

a n d   t h e   i n e q u a l i t i e s   a r e  

I . ,  n 

(3.21) 

where rmax and  rmin  are   the maximum and minimum s o l u t i o n s   t o   t h e  deter-  

minan t   (3 .20 ) .   Aga in   fo r   t he   ca se   i l l u s t r a t ed   geomet r i ca l ly ,  

a nd 

'I- 

L 2  

or 

r2 = I, 3 . 

It is s t r e s s e d   t h a t   w h i l e   I n e q .   ( 3 . 2 1 )   c o n s t i t u t e s   a n   a p p r o x i -  

mation,  the  approximation i s  made within  the  f ramework of t h e  Second 

Method. T h e r e f o r e   t h e   s u f f i c i e n c y   o f   t h e   s t a b i l i t y   c o n d i t i o n s  are 

always  ensured. 
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This   development   a lso  demonatrater   the   advantage  of  a q u a d r a t i c  

V. I f   t h e  matrix i s  a func t ion   o f  x , t h e   r a d i i   r e l a t i o n r h i p r   a l s o  

depend  upon x .  The meaning   of   th i s  is t ha t   t he   ac tua l   shape   o f  V 

changes  with x , SO t h e r e  i s  no c o n s i s t e n t   g e o m e t r i c a l   r e l a t i o n s h i p  

between  the  unique  spheres  and  the extreme poin ts   o f  V . I f   t h e  8 0 1 ~ -  

t i o n s   t o  Eq. (3.20) are nega t ive   o r   complex ,   t he re   a r e  no s a t i s f a c t o r y  

r e l a t i o n s h i p s .  However, i f   t h e  V f u n c t i o n s   r e p r e s e n t   r e a l   c l o s e d   s u r -  

f a c e s ,   t h e r e   s h o u l d   b e   r e a l   s o l u t i o n s   t o   a t   l e a s t   t h e   t h i r d   o r d e r   c a s e .  
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Chapter 4 

COUPLED-CORE STABILITY 

It i s  necessary f irst  t o  s t u d y  the s t a b i l i t y  of a s impl i f i ed  

coupled-core model. The method set  f o r t h  i n  the preceding chapter  fo r  

time d e l a y  systems re l ies  upon a quadra t ic  Liapunov func t ion .  T h i s  

type of V f u n c t i o n  works q u i t e  w e l l  f o r  the f i r s t - o r d e r  l i nea r  example. 

However, i t  i s  p o i n t e d  o u t  a g a i n  t h a t  by necessity t h e  method i s  restric- 

t i v e  fo r  higher  order problems. The e f fec t  of system non l inea r i t i e s  

upon the method, moreover, remains t o  be discovered. 

A S i m p l i f i e d  Model 

Even the s i m p l e s t  coupled-core model resul ts  i n  a d i f f i c u l t  

s t a b i l i t y  problem. For a system of two i d e n t i c a l  cores, i f   d e l a y e d  neu- 

t;ons are neglected and i f  the i n t r i n s i c  negat ive r e a c t i v i t y  effect  i s  

p ropor t iona l  t o  the  power, Eq.  (13a) describes the system as follows: 

a p20 

The coupl ing  coef f ic ien ts  and delay times are  equal  between t h e  cores. 

Although the  de layed  neut rons  a r e  neglec ted ,  i t  i s  convenient  

from a n o t a t i o n a l  s t a n d p o i n t  t o  describe the i n t r i n s i c  reac t iv i ty  and 

coupl ing con t r ibu t ions  t o  the equat ions i n  terms of 6 , a measurable 
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and impor t an t   pa rame te r   i n   any   phys i ca l   r eac to r   sys t em.   I f  the two 

cores  are i n  a d e s i g n   o p e r a t i n g  s ta te  w i t h   i d e n t i c a l  power ou tpu t s ,  

and 

where  kp  and  kc a r e  the f r a c t i o n s   o f  B / j  con t r ibu ted  by t h e   i n t e r n a l  re- 

a c t i v i t y  and coup l ing ,   r e spec t ive ly .  The k i n e t i c s   e q u a t i o n s  become 

i n  t he  two c o r e s .  

S t a b i l i t y  ~ ~~~ Without Time Delay 

No r e f e r e n c e  i s  made t o  t h e  time de lay   i n   choos ing  a q u a d r a t i c  

V f u n c t i o n .   T h i s   i m p l i e s   t h a t   t h e   s t a b i l i t y   i n v e s t i g a t i o n   n e c e s s a r i l y  

beg ins   w i th   an   ana lys i s   o f   t he  s y s t e m  wi th   the   de lay   neglec ted .   Addi -  

t i o n a l l y ,   t h e   a p p r o a c h   t o   t h e   p r o b l e m   v i a   t h e   q u a d r a t i c  V f u n c t i o n  re-  

q u i r e s   t h a t   t h e   l i n e a r   s y s t e m  i s  s t a b l e .  

Equation (4.1) w i t h  T = 0, are  s e e n   t o   b e   r e p r e s e n t a b l e   i n   t h e  

genera l   mat r ix   form (3.5) s i n c e  the n o n l i n e a r i t i e s  are  sepa rab le .  The 

l i n e a r i z e d   e q u a t i o n s  are  
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i 1  = - f (kp+kc)xl + E E kcx2 

i2 = - (kp+kc)x2 + kcx l  
a a 

The  argument is de le t ed   f rom  the   s t a t e   va r i ab le s   fo r   conven ience ,   because  

T = 0 . The n o n l i n e a r   p o r t i o n   o f   t h e   i - t h   e q u a t i o n  is 

-kp x 
2 

E i .  
(4.3) 

It i s  i n s t r u c t i v e   t o  make u s e  of   the   canonic   sys tem  representa t ion   for ,  

determining a V f u n c t i o n .   I n   t h e   s e c o n d - o r d e r   c a s e ,   t h i s  i s  a r e l a t i v e -  

ly   s imple  procedure,   providing a q u i c k   d e t e r m i n a t i o n   o f   l i n e a r   s t a b i l i t y  

through  the  e igenvalues .  The l i n e a r   s y s t e m  A matrix i s  

and   accord ingly   the   e igenvalues   sa t i s fy  

The s o l u t i o n s   t o   t h e   e i g e n v a l u e   e q u a t i o n   c a n n o t   b e   p o s i t i v e   o r   z e r o   a s  

long as kp > 0 . Therefore   the   l inear ized   sys tem i s  a sympto t i ca l ly  

s t a b l e   i f   t h e r e  ex is t s  a n o n - z e r o   n e g a t i v e   i n t r i n s i c   r e a c t i v i t y   e f f e c t .  

The c o u p l i n g   e f f e c t  kc i s  r e s t r i c t e d   p h y s i c a l l y   t o   p o s i t i v e   v a l u e s .  

The canonic  V i s  

where,   f rom  the  t ransformation  (3 .6) ,  
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- z = p-1 x 
The e lements   o f   the  matrix a r e  found by s o l v i n g  

A P = P -  A 
For t h i s   c a s e ,  

a nd 

where K1 and K2 a r e   a r b i t r a r y   p o s i t i v e   c o n s t a n t s .  The V f u n c t i o n   i n   t h e  

r e a l  sys t em v a r i a b l e s  i s  t h e r e f o r e  

V = x12 + 2K x1x2 + 
where 

K~~ - K ~ ~  
K =  

By Theorem 3 . 2 ,  K i s  r e s t r i c t e d  t o  va lues  IKI < 1 . 
This   approach  provides  some h in t s   fo r   choos ing   gene ra l   quadra t i c  

forms. The l inear   sys tem  mat r ix  A i n   t h i s   c a s e  i s  symmetric. Alro,  t h e  

r e s u l t i n g  V i s  seen   t o   be   symmet r i c   i n  x1 and  x2 . This idea  would elim- 

i n a t e  some guesswork i n  a non-methodical  approach. The concept  can  be 

g e n e r a l i z e d   f u r t h e r .  The canonic  approach resul ts  i n  a V f u n c t i o n   i n  

wh ich   t he   va r i ab le s  are we igh ted   acco rd ing   t o   t he   magn i tudes   o f   t he i r  

c o e f f i c i e n t s   i n   t h e   s y s t e m   e q u a t i o n s .   T h i s   p r o v i d e s  a gene ra l   gu ide   fo r  
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decid ing  upon t h e   c o e f f i c i e n t s   i n  a g e n e r a l  V . There i s  no doub t   t ha t  

these   resu l t s   could   be   d i scovered   th rough  the   p rocess   o f   cons t ra in ing  

t o  b e   n e g a t i v e   d e f i n i t e ,   b u t   o n l y   a f t e r  much t r i a l  and   e r ro r .  

The d e r i v a t i v e   o f  Eq. (4 .4 )  i s  

which i s ,  a long   so lu t ions   o f   the   l inear ized   sys tem  (4 .2)  

’ 2 s  = - [(kp+kc) -Kk,] ( x ~ ~ + x ~ ~ )  

- 2 ~ ~ x 2  [K(kp+kc) -kc] . 

Equation (4.6) i s  n e g a t i v e - d e f i n i t e   i f  

k + (1-K)kc > 0 , P 

kp(kp + 2kc) > 0 . 

T h e s e   i n e q u a l i t i e s   a r e   s a t i s f i e d   f o r   a l l   a d m i s s i b l e   v a l u e s   o f  K i f  kp 

and  kc a r e   p o s i t i v e .   T h i s   r e s u l t ,  of course ,  i s  p rede te rmined   i n   t he  

canonic  approach by t h e   s i g n  of t h e   e i g e n v a l u e s .  

I n   o r d e r   t o   i l l u s t r a t e   c l e a r l y   t h e   p r o c e s s  of o b t a i n i n g   t h e  

reg ion  of s t a b i l i t y   f o r   t h e   n o n l i n e a r   s y s t e m ,  i t  is  assumed t h a t  

kp = kc = 1 . Equation (4 .5)  f o r   t h e   n o n l i n e a r   s y s t e m  (4.1) i s  

’ 2 6  a + = - (2-K) (x12+xz2) -2(2K-1)x1x2 

- (xl3t.X23) -Kxlx2  (xl+x2) . 

The te rhnique  i s  to   choose  a va lue   o f  K and   f i nd   t he   r eg ion  < < 0 . 
The l a r g e s t  V which f i t s   i n   t h i s   r e g i o n  i s  t h e   r e g i o n  of s t a b i l i t y .  A 
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new v a l u e  of K i s  then  chosen  and  the  process  i s  r e p e a t e d .   I f   t h e  

new r e g i o n   e n c l o s e s   a n  area i n  the s t a t e  space  not   previously  descr ibed,  

t h e  two r eg ions  are superimposed t o  improve   t he   r e su l t .  If K = 0 , 
v = x1 + x2 2  2 

which   descr ibes  circles i n   t h e   ~ 1 x 2   p l a n e ,  and 

The z e r o   s o l u t i o n   o f  Eq. (4.7) can  be  found  easi ly  by t ransforming   the  

coord ina te s   i n to   po la r   fo rm 

x1 .I r cos 0 

x2 = r s i n  8 . 

The equa t ion  - 0 i s  s a t i s f i e d   a t   t h e   o r i g i n ,  which m u s t  be t r u e  by 

the   cond i t ions  of the  Second  Method,  and  uniquely  along  the  curve 

descr ibed  by 

r = - 2  - 1 - coses ine  
c0s39 + s in3e  

This   descr ibes  a s t r a i g h t   l i n e   x 2  = - x 1  - 2,  which  has a s lope  of  -1 

and passes   th rough  the   po in t  x1 = x2 = -1 . 
A few n u r m r i c a l   s u b s t i t u t i o n s   i n  Eq. ( 4 . 7 )  r e v e a l   t h a t  i s  

negat ive   above   the   l ine  V = 0, o r   i n   t h e   d i r e c t i o n   o f   t h e   o r i g i n .  The 

l a r g e s t  c i rc le  which f i t s   i n   t h i s   r e g i o n   p a s s e s   t h r o u g h   t h e   p o i n t  

x 1  = x2 = -1 ; therefore   the   nonl inear   sys tem  wi th   zero   de lay  is asymp- 

t o t i c a l l y   s t a b l e   i n   t h e   r e g i o n  

x12+  x22 < 2 , 
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o r   w i t h i n  a circle o f   r ad ius  & i n   t h e   ~ 1 x 2   s t a t e   p l a n e .  

For a l l  values of IKI< 1, t h e   l i n e  0 = 0 passes   th rough  the  

-1, -1 point .   Values   of  K < 0 r e s u l t   i n   e l l i p s e s  whose  major axes f a l l  

a l o n g   x 1  = x2 . Hence, r e g i o n s   o b t a i n e d   f o r   a l l  K < 0 l i e  i n s i d e   t h e  

r eg ion  (4.8) and  add no new information.   Values   of  K > 0 d e s c r i b e  e l -  

l i p ses   e longa ted   on  x 1  = -x2  and the   cu rves  V = 0 i n   p o l a r  form  have 

minimum r a d i i   o t h e r   t h a n  f i  . The c a l c u l a t i o n s   a r e   r e p e a t e d   f o r  K = 112 

and K = 314 and , the   reg ions   a re   super imposed   to   ob ta in  a l a r g e r   s t a b l e  

r eg ion .  

F igure  4 . 1  shows t h e   r e s u l t  of t h e s e   c a l c u l a t i o n s   a l o n g   w i t h  

some a c t u a l   s t a b l e  and   uns t ab le   sys t em  t r a j ec to r i e s   ob ta ined   f rom  ana log  

computer   solut ions.  The r e g i o n  i s  symmetric  about x1 = x2 . The l i n e  

x = -1 i s  the   l i ne   o f   ze ro  power for   the   sys tem.   Thus ,   t ra jec tor ies   ou t -  

s i d e   t h e   r e g i o n  x > -1 do n o t   r e p r e s e n t   p h y s i c a l l y   r e a l   c a s e s .   F o r   t h i s  

p r a c t i c a l   r e a s o n ,   t h e   r e g i o n   o b t a i n e d   f o r  K = 314 i s  supe r f luous .  

S t a b i l i t y   w i t h  Time Delay 

The bas i c   app roach   fo r   t r ea t ing   t he   non l inea r  time delay  problem 

a lso  i s  f i r s t   t o   c o n s t r a i n   t h e   l i n e a r i z e d   s y s t e m   t o  be   asymptot ica l ly  

s t a b l e .  The l inea r i zed   sys t em  wi th   de l ay  is ,  from Eq. ( 4 . 1 ) ,  f o r   t h e  

case  k = kc = 1 , P 

- 2 x2 + x l ( t - T )  , 2 a a 



. .. 

FIGURE 4.1. 

REGION OF STABILITY 
WITHOUT DELAY 
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-where  the  argument  of x i s  d e l e t e d  if i t  i s  only  t .  

I f  K = 0, from Eq. (4.51, i s  

1. a u -(x1 2 2  +x2 ) + 1 [ xlxz(t -T)+  x2xl( t -T)  ] . 
2 8  2 

(4.10) 

From t h e  mean v a l u e   r e p r e s e n t a t i o n   i n  Eq. (3 .13 )  and  from  the  system 

e q u a t i o n s   ( 4 . 9 ) ,   t h e   d e l a y e d   v a r i a b l e   s u b s t i t u t i o n s  are  

x l ( t -T )  = x1  + 2 f Txl(o) - Tx2(a-T) , a 
(4.11) 

x2(t-T) = x2 + 2 f Tx2(a) - E Txl(a-T) . 
a 

Equations  (4.11) a re  now s u b s t i t u t e d   i n t o  Eq. (4.10)  and,  according 

t o   t h e   t e c h n i q u e   d e s c r i b e d   i n   t h e   p r e v i o u s   c h a p t e r ,   t h e   f o l l o w i n g   s t e p s  

are taken:  

(a) The c r o s s   p r o d u c t s  xx(a), xx(a-T) a re  w r i t t e n   a s  

(b) Wherever   the  absolute   value  cross   products   appear ,   the  

s i g n   o f   t h e   c r o s s   p r o d u c t   c o e f f i c i e n t  i s  made p o s i t i v e  

t o   e n s u r e   t h a t   t h e   r e s u l t i n g   f u n c t i o n  i s  g r e a t e r   t h a n  V . 
The r e s u l t  i s  

(4.12) 
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The i n e q u a l i t y   r e l a t i o n s h i p s  (3.9) a r i r i n g   f r o m  Theorem 3.4 a r e   g i v e n  

by Ineq.  (3.19) f o r   t h e   c a s e  K - 0 . Therefore   the  magni tudes 

must a l l  be i n d i v i d u a l l y  less t han  

I f   t h e   i n e q u a l i t y   r e l a t i o n s h i p s   a r e   s u b s t i t u t e d   i n t o   I n e q .   ( 4 . 1 2 ) ,  

t h e   r e s u l t  i s  

The r i g h t  s i d e  of Ineq .  ( 4 . 1 3 )  i s  -w(x) from  Theorem 3 .4 ,  and -w(x) 

i s  n e g a t i v e - d e f i n i t e   i f  

- @ T <  L 
1 

The ex tens ion   o f   t he   man ipu la t ions   t o   t he   non l inea r   sys t em i s  

complicated by t h e   f a c t   t h a t   t h e   n o n l i n e a r  terms appear   not   only  with 

the  argument t bu t   a l so   w i th   t he   a rgumen t  u . This   of   course i s  due 

t o   t h e  mean va lue   representa t ion   where in   the   comple te   sys tem  equat ions  

must  be r e w r i t t e n   i n  terms of i (u ) .  The f i n a l   r e s u l t  i s  

(4.14) 
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The case of K = 1 /2   y i e lds  

v = x12 + x1x2 + x22 

w h i c h   l e a d s   t o   t h e   e l l i p t i c a l   d e l a y   i n e q u a l i t y   r e l a t i o n s h i p s   ( 3 . 2 1 ) .  

The s o l u t i o n   t o  Eq. (3 .20)   for  K = 1/2 i s  

t h e r e f o r e  all t h e   a b s o l u t e   v a l u e s   o f   t h e   v a r i a b l e s   w i t h   r e t a r d e d  

arguments must  be less than  

The r e s u l t   f o r   t h e   l i n e a r i z e d   s y s t e m  i s  

and fo r   t he   non l inea r   ca se ,  

S a  * 

3 8  V 5 -(1 - f i  fi T)(x e 

(4.15) 

(4.16) 

-( 7 2 - 3 f T) ( x I ~ + x ~ ~ )  -( -5 1 - 3 f T)xlx2(~1*2) . 

The r igh t   s ide   o f   Ineq .   (4 .15)  i s  n e g a t i v e - d e f i n i t e   i f  

JL 18 . a 
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The r e g i o n s   o f   s t a b i l i t y   o b t a i n e d   a r e  shown i n   F i g .  4.2 f o r  

d i f f e r e n t   v a l u e s   o f  T . It i s  n o t e d   t h a t   f o r   t h e  case K = 1/2  , I 
T = 0.1, t h e r e  i s  no r e g i o n   a d d e d   t o   t h e   c i r c u l a r   r e g i o n .   T h i s  i s  

I 
due   t o   t he   f ac t   t ha t   l i nea r   a sympto t i c   s t ab i l i t y   canno t   be   found   i n  

t h i s   c a s e .  E T must  be less than  a = 0.096, which i s  c l e a r l y   n o t  

t r u e .  T h i s   e m p h a s i z e s   t h e   a d d e d   r e s t r i c t i v e n e s s   o f   t h e   e l l i p t i c a l v  

f u n c t i o n   f o r   t h e  time delay  problem. 

I 18 

The a c t u a l   e f f e c t   o f   t h e   d e l a y   o n  some t y p i c a l   t r a j e c t o r i e s  

i s  shown i n   F i g .  4 . 3  for   the  example  under   considerat ion.  The time 

de lay   ana log   s imula t ion  i s  p r e s e n t e d   i n  Appendix A .  It i s  s e e n   t h a t  

the  upper two s o l u t i o n s   e x h i b i t   t h e   c h a r a c t e r i s t i c s   o f  a sys tem  tha t  

i s  becoming less s t a b l e ,   s i n c e   t h e   p a t h   l e n g t h s   a r e   g e n e r a l l y   l o n g e r .  

The  lower t r a j e c t o r y ,  however, a c t u a l l y  becomes s t a b l e   i n   t h e   p r e s e n c e  

of   the   de lay .  

A Complete   Parametr ic   Stabi l i ty   Study 

The techniques  can be app l i ed  t o  the   sys tem  for  a genera l   kp ,  

kc, and T . This   can   be   done   readi ly   i f   on ly   one  V f u n c t i o n  i s  used. 

The c i r c u l a r  form is e s p e c i a l l y   a p p r o p r i a t e   b e c a u s e   t h e   r e s u l t i n g  re- 

g ion  l ies a l m o s t   e n t i r e l y   w i t h i n   t h e   p h y s i c a l l y   r e a l   p a r t   o f   t h e  s ta te  

p lane .   Again ,   the   c i rcu lar   func t ion  i s  a l s o   t h e  least  r e s t r i c t i v e   f o r  

t h e  time delay  probldm.  Probably  the  most  important  advantage  however 

i s  t h a t   o f   e a s e   o f   v i s u a l i z a t i o n   a n d   e x p r e s s i o n   o f   t h e   r e s u l t s .   F o r  

example,  even i f   t h e  example i s  t e n t h   o r d e r ,   t h e   s t a b i l i t y   r e s u l t  i s  

desc r ibed   s imply   a s  

l E l < R  
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FIGURE 4.2. 

REGIONS OF STABILITY WITH DELAY 



FIGURE 4.3.  

EFFECT OF DELAY ON 
TRAJECTORIES 
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where I ~f I i s  t h e   l e n g t h   o f   t h e   v e c t o r  whose  elements are t h e  magni- 

t u d e s   o f   t h e   i n i t i a l   c o n d i t i o n s  of a l l   t h e   s t a t e -   v a r i a b l e s .  R i s  t h e  

r ad ius   o f  e sphe re   o f   t he  same d imens iona l i ty   a s   t he   sys t em.  R i s  a l s o  

t h e   r a d i u s   o f   t h e   l a r g e s t  V i n   t h e   r e g i o n  V < 0 . 
One c a s e   y e t   t o   b e   c o n s i d e r e d  i s  t h a t   i n   w h i c h   t h e   r e s u l t  i s  

independent   of   delay.  Here, the  mean v a l u e   s u b s t i t u t i o n  i s  not  used 

and t h e   i n e q u a l i t y   r e l a t i o n s h i p s  

a r e   u s e d   d i r e c t l y   i n   t h e   a p p r o p r i a t e  V . The resu l t  is, f o r   t h e   l i n e a r -  

ized  case,   from Eq. ( 4 . 1 0 ) ,  

1 5 - k p ( x l  2 2  + x2 )+ 2kc 1 x 1 ~ ~  I 
2 P  

and a s y m p t o t i c   s t a b i l i t y  i s  concluded i f  

The nonl inear  r e su l t  i s  

The c o m p l e t e   n o n l i n e a r   s t a b i l i t y   r e s u l t s   a r e   p r e s e n t e d   i n   F i g .  

2 2 4 . 4  i n  terms o f   t he   r ad ius   o f   t he   r eg ion   o f   s t ab i l i t y   fo r  V = x1 + x2 . 
Probab ly   t he   mos t   i n t e re s t ing   conc lus ion   t ha t   can   be  made from  Fig. 4 . 4  

i s  t h a t   a s   l o n g   a s   k c  i s  less than  kp , t h e r e   e x i s t s  a f i n i t e   r e g i o n   o f  

s t a b i l i t y   i n d e p e n d e n t   o f  T . From t h e  numbers  given a t   t h e  end  of 

Chapter  2, some p rac t i ca l   sys t em  pa rame te r s   a r e  
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a nd 

T kc = 0.01 

T h i s   p o i n t   o n   t h e   c u r v e   p r a c t i c a l l y   c o i n c i d e s   w i t h   t h e   c a s e  T = 0. 

The r a d i u s  of t h e   r e g i o n  of s t a b i l i t y  i s  s l i g h t l y   g r e a t e r   t h a n   u n i t y .  

This means t h a t   t h e  power l e v e l  of e i t h e r   r e a c t o r  may be  perturbed  up 

t o  100% and the   sys tem s t i l l  r e t u r n s   t o  i t s  o p e r a t i n g   p o i n t .  A t  

2000 megawatts t h i s  number i s  extremely  generous.  

The gene ra l   conc lus ion  i s  t h a t  a s  the  magnitude  of  the  coupling 

i n c r e a s e s   w i t h   r e s p e c t   t o   t h e   n e g a t i v e   r e a c t i v i t y   e f f e c t ,   t h e   e f f e c t  of 

t h e   d e l a y  time on s t a b i l i t y  becomes  more appa ren t .   Th i s  i s  q u i t e   r e a -  

sonab le   s ince   t he   coup l ing  term i n   t h e   e q u a t i o n s  i s  the  one  with  the 

r e t a rded   a rgumen t .   Fo r   r a t io s  - > 1 , very  small i n c r e a s e s   i n  T a r e  

s e e n   t o   d e c r e a s e   g r e a t l y   t h e   s i z e   o f   t h e  known r e g i o n   o f   s t a b i l i t y .  

T h i s   e f f e c t   c l e a r l y   d e m o n s t r a t e s   t h a t   t h e   i n t r i n s i c   r e a c t i v i t y  phenom- 

enon  has a s t rong   s t ab i l i z ing   i n f luence   on   t he   non l inea r   sys t em.  

kC 

kP 
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Chapter 5 

REALISTIC COUPLED-CORE  SYSTEM 

The s i m p l i f i e d  model  used t o   i l l u s t r a t e   t h e   b a s i c  method i n  

the   p rev ious   chap te r  i s  no t   expec ted   t o   y i e ld  a p a r t i c u l a r l y   a c c u r a t e  

descr ip t ion   of   the   behavior   o f   the   rea l   sys tem.  The assumption  in-  

h e r e n t   i n   t h e   s i m p l i f i e d  model i s  t h a t   t h e   t e m p e r a t u r e   i n   t h e   c o r e  

i n c r e a s e s   d i r e c t l y   w i t h   t h e  power l e v e l .   T h a t   t h i s  i s  not t r u e  can 

be seen  f rom  the  system  equat ions,  Eq. (2.13). I f   t h e r e   a r e  no de- 

layed   neut rons ,   these   equat ions   a re  

x 2  = - E ktz2(  l+x2)-  kcx2 + k,xl(t-T) a a E 

z2 = wx2 - wz2 

where  kt i s  t h e   t e m p e r a t u r e   r e a c t i v i t y   c o n t r i b u t i o n   i n  terms of B a 
a t   t h e   o p e r a t i n g   p o i n t .  

An examination  of  Eqs. (5.1) r e v e a l s   t h a t   i f   t h e  power v a r i -  

a b l e  x is a s t e p   f u n c t i o n ,   t h a t  is ,  i f  x i s  ze ro  and  suddenly  takes 

o n  some p o s i t i v e   c o n s t a n t   v a l u e s ,  z has  a s o l u t i o n   i n  time of 

Obviously,   for  a given  change i n  x , it  t akes  a considerably  long 

period  of t i m e  f o r  z t o  a c h i e v e   t h e   . f i n a l   v a l u e   o f  x .  The l a g  
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between power  and temperature i s  n o t   z e r o   i n  any  event.  

The i n t r i n s i c   r e a c t i v i t y   e f f e c t ,  i t  was  concluded  previously, 

has a s t r o n g   s t a b i l i z i n g   e f f e c t  upon the  system. The lag  between  the 

power  and temperature ,   not   to   be  confused  with a d i s c r e t e  time delay  

such as i n   t he   neu t ron ic   coup l ing   e f f ec t ,   undoub ted ly   l eads   t o  a less 

s t a b l e   s i t u a t i o n .   T h i s   c a s e   a l s o ,   b e c a u s e  i t  i s  a h igher   o rder   p ro-  

b l e m ,   l e a d s   t o   i n c r e a s i n g l y   s e v e r e   s t a b i l i t y   c o n d i t i o n s   w i t h i n   t h e  

method f o r   t r e a t i n g   t h e   t i m e   d e l a y .  It i s  necessary ,   therefore ,  t o  

apply  the method t o  a r e a l i s t i c  problem i n   o r d e r   t o  see i f   s t a b i l i t y  

can  be  determined  despi te   the  mounting  diff icul t ies .  It i s  c l e a r l y  

d e s i r a b l e  to d i s c u s s   p r a c t i c a l   s t a b i l i t y  a n d   t h u s   t o   i l l u s t r a t e   t h e  

use fu lness   o f  a method  which  appears t o  be   l a rge ly   mathemat ica l   in  

na tu re .  

The Approach for  Higher  Order  Systems 

By t h i s  time i t  i s  a p p a r e n t   t h a t  a j u d i c i o u s   c h o i c e   f o r  a Lia-  

punov f u n c t i o n  i s  t h a t  of the   spher ica l   type   where in   on ly   the   sys tem 

va r i ab le s   squa red   appea r .   Th i s  i s  n e c e s s a r y   t o   r e l i e v e   a s  much a s  

p o s s i b l e   t h e   r e s t r i c t i v e n e s s  of t he  method €or   h ighe r   o rde r  time de lay  

cases .   I f   t he   de l ayed   neu t rons   a r e   neg lec t ed   fo r  now, such a V func- 

t i o n  is  

V = x l 2  + xz2 + Kz1* + Kz2 2 

where K i s  a n   a r b i t r a r y   p o s i t i v e   c o n s t a n t .   A l o n g   s o l u t i o n s   o f   t h e  

l inear ized   sys tem  wi th  no de lay ,  V is 
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5 v = - kc (x1 k2 )+ 2 kcx1x2 - KW(z1 +22 ) 1 'b 2 2   2 2  
a d 

Sylvester's   determinant  for Eq.  ( 5 . 2 )  is 

which  leads  to a conc lus ion   o f   negat ive -de f in i t eness   o f  E q .  ( 5 . 2 )  i f  the 

f o l l o w i n g   i n e q u a l i t i e s   a r e   s a t i s f i e d :  

A problem a r i s e s   h e r e .  The th ird   inequal i ty   can  never   be   sat i s -  

f i e d .  However, i f  K is chosen  such  that 
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t h e n   t h e   l e f t   s i d e s   o f   t h e  l as t  two i n e q u a l i t i e s   a r e   z e r o .   T h i s   F a n s  

t h a t  V i s  on ly   nega t ive - semide f in i t e ,   o r   t he re   a r e   combina t ions  of x and 

z which  cause t o  b e   z e r o   o t h e r   t h a n   a t   t h e   o r i g i n .   I f  Kw - f kt  , 
v i s  

and i t  i s  s e e n   q u i c k l y   t h a t   t h e   p a r t i c u l a r   s o l u t i o n s   € o r   w h i c h  V i s  z e r o  

a r e  

x 1  = x2 ? 

z 1 = 2 2 = 0  . 

This  i s  a c t u a l l y   a n   a d m i s s i b l e   s i t u a t i o n .  From t h e   b a s i c   s t a b i l i t y  

theorems,  Theorems 3 .1  and 3 . 4 ,  t h e   c o n d i t i o n  i s  t h a t  V must  be  negative 

a long   so lu t ions   o f   the   sys tem.  Thus i f   t h e   c o n d i t i o n s   u n d e r   w h i c h  V = 0 

h e r e   d o   n o t   d e s c r i b e   s y s t e m   t r a j e c t o r i e s ,   a s y m p t o t i c   s t a b i l i t y   f o r   t h e  

l i nea r i zed   sys t em  wi th  no delay may s t i l l  be  concluded. 

I f   t h e   v a l u e s   a b o v e   a r e   s u b s t i t u t e d   i n t o  Eq. (5 .1) ,   the   conclu-  

s i o n  is t h a t  

x 1  = 0 

il = wxl 

The equa t ions   fo r  x i n s i s t   t h a t  x must  be a c o n s t a n t   i n  time. On t h e  

o ther   hand ,   the   equat ions   for  z r e q u i r e   t h a t  z must  be  changing i n  time. 

I f  z changes, x must a l s o   c h a n g e   a c c o r d i n g   t o   t h e   o r i g i n a l   e q u a t i o n s ,  

Eq. (5.1).  The r equ i r emen t s   a r e   t he re fo re   i ncons i s t en t   and   t he   so lu t ion  

X i  = x2 , z 1  = z2  = 0 Cannot  be a s o l u t i o n  of the  system.  This  i s  not 
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t r u e ,   o f   c o u r s e ,   i n   t h e  case w h e r e   t h e   i n t e r n a l   r e a c t i v i t y  of t h e   s y s -  

tem i s  p r o p o r t i o n a l   t o   t h e  power. I n  Eq. (4.1) it c a n   b e   s e e n   t h a t   i f  

x1 = x2 t h e  time rates  of   change  of  x1 and  x2 are t h e  same, s p e c i f i c a l -  

1 Y  

x1 - - k xl(l+xl) , 
, e p  

and a s  a r e s u l t  x1 - x2 i s  a s o l u t i o n   o f   t h e   e q u a t i o n s .  

The   problem  of   v i sua l iz ing   the   resu l t s  i s  e v e r   p r e s e n t   i n   h i g h e r  

o rde r   p rob lems .   Th i s   d i f f i cu l ty  i s  p a r t i a l l y   a l l e v i a t e d  by the   cho ice  

p r e s s e d   i n  a compact   mathematical   notat ion  as   s imply  the  radius  of t h e  

n-dimensional   sphere.  However, t h e   t a s k   o f   f i n d i n g   t h e   r e g i o n   i n   w h i c h  

V i s  negat ive  remains.  The best  approach  would seem t o   b e   t o   f i n d   t h i s  

reg ion   in   each   p lane   o f   the   space .   This   can   be   accompl ished  by a l lowing  

a l l   t h e   s t a t e   v a r i a b l e s   i n   t h e   f u n c t i o n   t o  be   zero   except   for   the  two 

which   descr ibe   the   par t icu lar   p lane   under   cons idera t ion .  The d a n g e r   i n  

t h i s   a p p r o a c h  i s  t h a t   t h e   a c t u a l   r e g i o n   c a n n o t   b e   f o u n d   i n   t h e   e n t i r e  

space   mere ly   f rom  the   in format ion   provided   in   each   p lane  a t  t h e   o r i g i n .  

Th i s   can   be   s een   i n   t he   t h i rd   o rde r   ca se .   I f   t he   r eg ion  i s  found t o  

be a c i r c l e   i n   t h e   x y ,   x z ,  and  yz  planes,  i t  would seem a t  f i r s t   t h a t  

t h e   r e g i o n   c o u l d   b e   d e s c r i b e d   a s  a sphe re   w i th   t he  same r a d i u s  as t he  

t h r e e   c i r c l e s .  However, a de ta i led   examinat ion   might  reveal t h a t   t h e  

su r face   o f   t he   r eg ion  i s  a c t u a l l y   d e p r e s s e d   t o w a r d   t h e   o r i g i n   i n   e a c h  

quadrant   o f   the   th ree   d imens iona l   space .  

Neve r the l e s s ,   t he re  seems t o  be no d t h e r   s a t i s f a c t o r y   a p p r o a c h .  

Once the   suspec ted   r eg ion  is deduced  from the r e g i o n s   i n   t h e   p l a n e s ,  
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the   technique  would be t o   s u b s t i t u t e  some v a l u e s   i n t o  V t o   e n s u r e   t h a t  

t he   co r rec t   r eg ion   has   been   found .  A gene ra l i zed   Sy lves t e re s   t heo rem 

might be  employed  with  the  elements  of  the matrix c o n t a i n i n g   t h e   s t a t e  

v a r i a b l e s  as w e l l  as  c o n s t a n t s .  The success   o f   t h i s   app roach   depends  

u p o n   w h e t h e r   o r   n o t   t h e   n o n l i n e a r i t i e s   a p p e a r   i n   a l l   t h e  terms. I f   t h i s  

i s  t r u e ,   t h e   t e c h n i q u e  becomes prohib i t ive ly   complex .  It i s  seen  from 

Eqs. (2 .13)  however, t ha t   on ly   t he   equa t ion   wh ich   desc r ibes   t he  power 

i s  non l inea r .  The a u x i l i a r y   e q u a t i o n s   a r e   l i n e a r ,   I n   t h i s   c a s e ,   t h e  

use of t h e   S y l v e s t e r   r e l a t i o n s h i p s  i s  h e l p f u l .   I n   s o l v i n g   t h e   h i g h e r  

order  problems, u s e  of   both  of   these  approaches w i l l  be   appropr ia te ;  

and e spec ia i ly ,   once  a pa r t i cu la r   p rob lem i s  s o i v e d ,   i n t u i t i o n  w i l l  be 

used t o   e x t e n d   t h e   r e s u l t s   t o   a d d i t i o n a l   p r o b l e m s .   T h i s  i s  one  of  the 

advantages  of  the  Second Method of   Liapunov,   that   previous  experience 

may be  drawn  cpon t o  improve or  to   ex t end   t he  r e s u l t s .  

Fa i lu re   o f   t he  Method f o r  High  Order  Problems 

Even t h o u g h   l i n e a r   a s y m p t o t i c   s t a b i l i t y  i s  shown f o r   t h e  s y s t e m  

(5.1) w i t h  no de lay ,  no s t a b i l i t y   c o n c l u s i o n s   r e s u l t   f o r   t h e   c a s e   w i t h  

de l ay .  If the  Second Method i s  app l i ed   t o   t he   l i nea r i zed   sys t em  wi th  

de lay ,  V i s  

1. a - - - kt(z12+z22) 
2 0  

From t h e  mean v a l u e   s y s t e m   r e p r e s e n t a t i o n ,   t h e   s u b s t i t u t i o n   f o r  

x l ( t -T )  i s ,  
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xl(t-T) - x1 + T [ktzl(u) + kcx1(~)-kcx2(cr-T)] , 
I 

a n d   t h e   s u b s t i t u t i o n   f o r   x p ( t - T )  i s  similar to  th i s .  The   requi red   de lay  

i n e q u a l i t i e s  fo r  

V - x1 2 + + Kzl2 + kz2 2 

a r e  

An inspec t ion   o f  Eq .   (5 .2 )   r evea l s   t ha t   i f   t he  method i s  a p p l i e d ,   t h e  

c o e f f i c i e n t s   o f   t h e   n e g a t i v e   q u a d r a t i c  terms i n  x dec rease  while t h e  

c o e f f i c i e n t   o f   t h e  cross product ~ 1 x 2   i n c r e a s e s .   T h e r e f o r e ,  a subse- 

quen t   app l i ca t ion   o f   Sy lves t e r s s   t heo rem shows t h a t  t i s  not   even  

nega t ive - semide f in i t e .   Th i s  i s  a r e s u l t   o f   t h e   g r e a t   r e s t r i c t i v e n e s s  

of   the  method and ,   i n   add i t ion ,   o f   t he   na tu re   o f   t he   sys t em (5.1) .  

The f a c t   t h a t  i s  on ly   s emide f in f t e   fo r   t he   l i nea r i zed   sys t em would 

r e s u l t   i n   f a i l u r e   e v e n   i f   t h e   v e r y   s l i g h t e s t   r e s t r i c t i v e   m e a s u r e  were 

imposed. 

Another   fourth-order   case is tha t   in   which   the   p rompt   t empera-  

t u r e   e f f e c t  is assumed b u t   t h e   d e l a y e d   n e u t r o n s   a r e   n o t   n e g l e c t e d .   I n  

t h i s  case, t h e   e q u a t i o n s  a re  from Eq. (2.13), 
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42 = - fi (kp+kc+l)x2 + y2+ fi kcxl(t-T)-kpx12 a a E 

I f  v i s  

V = x12+ x22+ Ky12+ Fy22 , 

V i s ,  i f  Kx = p1.4 , f o r   t h e   l i n e a r i z e d   s y s t e m   w i t h  no de lay ,  

2 0  a = -(kp+kc+l)  -(y12+y22) 

S y l v e s t e r ' s   i n e q u a l i t i e s   f o r  E q .  ( 5 . 4 )  a r e :  

(a)  kp + kc + 1 > 0 

(b) kp + kc > 0 

(c) kp(kp + 2kc) + (kp + kc) > 0 

(d)   kp( l  + 2kc) > 0 . 

The i n e q u a l i t i e s   a r e   s a t i s f i e d   f o r   a l l  k and kc > 0 , hence $ i s  

n e g a t i v e - d e f i n i t e  and the   l i nea r i zed   sys t em  wi th  no de lay  i s  a sympto t i ca l -  

l y  s tab le .  

P 
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I f   t h e   d e l a y e d   n e u t r o n s   a r e   a d d e d   t o   t h e   s y s t e m  (5.1), however, 

t h e  same prob lem  a r i s e s .  V i s  only   semi-def in i te ,  so t h e r e  i s  no hope 

o f   p rov ing   s t ab i l i t y   fo r   any   de l ay ,   however  small. The e f f e c t   o f   t h e  

de layed   neut rons   on   the   l inear ized   sys tem (5 .3 )  can   be   ana lyzed   for   the  

case   wi th   de lay .   Equat ion  ( 5 . 4 )  l e a d s   t o   t h e   f n e q u a l i t y  

f o r   t h e   c a s e   i n d e p e n d e n t   o f   d e l a y .   I f   k c  = 0 , t h e   r i g h t   s i d e  i s  

negat ive-def in i te ;   hence ,   there   should   be  a kc s u f f i c i e n t l y   s m a l l   f o r  

which  the  l inear   system  can  be  proved  s table   independent  of d e l a y .  

The r e s u l t s   a r e  summarized i n   F i g .  5.1.  It i s  no ted   t ha t   t he   r ange  

o f   a l l o w a b l e   p a r a m e t e r s   f o r   s t a b i l i t y  i s  decreased  f rom  the  case 

where   t he re   a r e  no de layed   neut rons .   This  i s  d u e   a g a i n   t o   t h e  restric- 

t ive  nature   of   the   method.  

S t a b i l i t y  ~~ of   the   S ix th   Order   Sys tem 

The r e g i o n   o f   s t a b i l i t y  i s  found  for   the  case T = 0 by t h e  

concent ional   approach  of   adding  the  nonl inear  terms t o   f o r   t h e   l i n e a r -  

ized  system. The r e g i o n  < 0 i s  found  mostly by t r i a l  a n d   e r r o r ,   a s  
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mentioned  previously.  An e s t i m a t e  i s  made based  upon  the  region  in   each 

p l a n e ,   t h e n   v a l u e s   o f   t h e   s t a t e   v a r i a b l e s   a r e   s u b s t i t u t e d   i n t o  V f o r   t h e  

assumed maximum V .  The r a d i u s  of t h e   r e g i o n   a s  a funct ion  of   kc is 

rhawn i n  F ig .  ( 5 . 2 ) .  

As a compar i son   t o   t he   r e su l t s ,  some ac tua l   sys t em  r e sponses   a r e  

shown i n   t h e   l a s t   f i g u r e s   i n   t h i s   c h a p t e r .   S o l u t i o n s   a r e   o b t a i n e d   f o r  

- + 100% t empera ture   per turba t ions  i n  one  core.  x1 and x2 a r e   t h e  power 

r e sponses   fo r   t he   pe r tu rbed  and  unperturbed  core  and 21 and 22 a r e   t h e  

assoc ia ted   t empera ture   responses .  The e f f e c t   o f   a n   u n r e a l i s t i c a l l y   l a r g e  

de l ay   fo r  kc - 1 i s  a l s o  shown.  The  numbers  used the re fo re   exceed   t he  

limits of  those  found  mathematically by a l a rge   deg ree .  The f a c t   t h a t  

the  system remains s t a b l e   i l l u s t r a t e s   t h a t   t h e   s t a b i l i t y  resu l t s  a r e  ex- 

t remely   conserva t ive .  The v a l u e s   k p  = 1 and = 100 a r e  used  i n   t h e  

s i rnu lc t ion   s tud ie s .  

a 
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Chapter 6 

CONCLUSIONS 

Eva lua t ion   o f   t he   Resu l t s  

The r e s u l t s   i n d i c a t e ,   f r o m  a prac t ica l   v iewpoin t ,   the   gap   be-  

tween  the low orde r ,   s imp l i f i ed   example   and   t he   r ea l i s t i c   p rob lem.  

The results obta ined   for   the   second  order   case   in   Chapter  4 a r e   q u i t e  

adequate.  However, t h e  resul ts  f o r   t h e   r e a l i s t i c ,   s i x t h   o r d e r   s y s t e m  

a re   marg ina l   w i th  respect to   ac tua l   sys tem  parameters .  The study  of 

the  response  of   the  system due  to   t empera tu re   pe r tu rba t ions   r evea l s ,  

m o r e o v e r ,   t h a t   s t a b i l i t y   e x i s t s   f o r   c o n d i t i o n s  much more severe   than  

would ever  be encountered   phys ica l ly .  A IT 100% temperature   per turba-  

t i on ,   fo r   example ,   wou ld   ce r t a in ly   l ead   t o   t he   des t ruc t ion   o f   t he  re- 

a c t o r   c o r e   a t   h i g h   i n i t i a l  power and  temperature .   Al though  the  regions 

of s t a b i l i t y  may then  be adequate ,   the   va lues   o f   the   de lay  time and 

coup l ing   coe f f i c i en t   ob ta ined   ma themat i ca l ly   fo r   l i nea r   s t ab i l i t y   a r e  

c l o s e   t o   a c t u a l   p a r a m e t e r s .  The  method i s  then  j u s t  barely  adequate  

t o   p r o v e   s t a b i l i t y   f o r  a r e a l i s t i c   s y s t e m  and t h e r e  i s  no  doubt  that  

t h e  method  would f a i l   f o r   a n   e v e n   h i g h e r   o r d e r   s y s t e m   t h a n   c o n s i d e r e d  

he re .  

The r e g i o n s   o f   s t a b i l i t y   o b t a i n e d   f o r   t h e   s y s t e m s   w i t h   z e r o  

d e l a y   a r e  good i n  l i g h t   o f   p r a c t i c a l   c o n s i d e r a t i o n s .   A g a i n ,   o n l y   f a i r l y  

small p e r t u r b a t i o n s   o f   t h e   v a r i a b l e s   a r e   t o   b e   e x p e c t e d   i n   t h e   a c t u a l  

sys t em  due   t o   ma te r i a l   l imi t a t ions .  Also, f r o m   t h e   r e s u l t s   o f   t h e  

second  order   problem,  the  combinat ion  of   the  coupl ing  effect   and  delay 
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time from  the  numerical  example resul t  i n   a n   e s s e n t i a l l y   z e r o   d e l a y  

case .  As t h e   c o u p l i n g   i n c r e a s e s ,   t h e   e f f e c t   o f   t h e   d e l a y  i s  q u i t e  

pronounced;   but   the   magni tude  of   the  coupl ing  in  a nuc lea r   rocke t  

c lus te r ,   fo r   example ,   would   be   l imi ted .  The proximity  of   the   cores  

would  be f i x e d  by t h e   a r r o c i a t e d  system equipment   such   as   the   nozz les .  

An important  conclusion  which  can  be  drawn  from  the  second  order  study 

is t h a t   t h e   d e l a y  time can   be   neglec tad   i f   the   coupl ing  i s  less than  

a b o u t   o n e - h a l f   o f   t h e   i n t r i n s i c   r e a c t i v i t y   c o n t r i b u t i o n . a t   o p e r a t i n g  

cond i t ions .  

The fundamen ta l   p rac t i ca l   conc lus ion  i s  t h a t   t h e r e   a r e  no 

s t a b i l i t y  problems  for a system  of   c lustered power r e a c t o r s ,   i f   t h e  

system i s  adequate ly   descr ibed  by t h e  model used  i n   t h i s   s t u d y .   T h i s  

conclus ion   can   be   ex tended   to   sys tems  of   severa l   cores   s ince   the   bas ic  

e f f ec t   o f   t he   coup l ing  upon the   s t ab i l i t y   o f   t he   sys t em  has   been   de t e r -  

mined he re .  

Whi l e   t he re   a r e  no s t a b i l i t y  problems in   t he   ma themat i ca l   s ense  

the   ac tua l   r e sponse  of the  system may be  somewhat undes i rab le .   This   con-  

c lus ion   cannot   a r i se   f rom  the   mathemat ica l   s tab i l i ty   ana lys i s ;   however ,  

t he   s imu la t ion   s tudy   r evea l s   t he   o sc i l l a to ry   behav io r   o f   t he   sys t em.  

Th i s   wou ld   i nd ica t e   t he   des i r ab i l i t y   o f   u s ing  some form  of  closed  loop 

cont ro l   on   the   sys tem.  

Recommendations fo r   Fu r the r   S tudy  

The answer t o   t h e   s t a b i l i t y   q u e s t i o n   f o r   c o u p l e d - c o r e   n u c l e a r  

reac tor   sys tems i s  provided .   There   a re ,   o f   course ,  a g r e a t  many problems 

which  could  be  worked  for  coupled-core  systems. The q u e s t i o n  of 
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au tomat i c   con t ro l  i s  a n   i n t e r e s t i n g   o n e .  This i s  n o t  a s t a b i l i t y   p r o -  

b lem,   bu t   due   to   the   pecular i ty   o f   the   coupled   sys tem  on   examinat ion  

of   the   p roper   p rac t ica l   cont ro l   t echnique   rhould   be  made. Each co re  

i s  e s s e n t i a l l y   a n   e n t i r e   s y s t e m .  It rnurt be decided   whether   to   cont ro l  

e a c h   c o r e   i n d i v i d u a l l y   o r   t o   c o n t r o l   j u s t   o n e   c o r e  and r e l y  upon t h e  

i n h e r e n t   s t a b i l i t y   o f   t h e   s y s t e m   t o   p r o v i d e  a d e s i r a b l e   b e h a v i o r .  

An a p p l i c a t i o n  of the   approach   g iven   in   th i s   s tudy   might   be  

tha t   o f   sys t em  r educ t ion   fo r   s t ab i l i t y   s tud ie s .   P robab ly   t he  most un- 

d e s i r a b l e   f e a t u r e  a s t ab i l i t y   s tudy   can   have  i s  t h a t   t h e r e   a r e   t o o  many 

sys tem  equat ions .   I f   the  t i m e  delay  can  be  handled,  however,   an  approxi- 

mate reformulat ion  of   the  model   can  be made. For  example,  the  tempera- 

t u r e - i n d u c e d   r e a c t i v i t y   c o u l d   b e   w r i t t e n   i n  terms of a t r u e  d i s c r e t e  

time de lay   r a the r   t han   i n   t he   fo rm  o f   ano the r   equa t ion   desc r ib ing   t he  

l ag  of the   t empera ture   behind   the   power .   I f   there   a re  no  delayed  neu- 

t r o n s  and f o r  a two core   sys t em,   t he   equa t ions   a r e  

x 1  - - 
k2 - - k tx2( t -  1) [lixz] - kc(xl-x2) 

I w a 

where  the  coupl ing  delay i s  n e g l e c t e d   a n d   t h e   r e a c t i v i t y   e f f e c t  i s  

The de lay  time i s  t h e  mean time which   the   t empera ture  lags t h e  power 

from Eq. ( 2 . 1 3 ~ ) .  A l i n e a r  time d e l a y   s t a b i l i t y   a n a l y s i s   o n   t h i s   p r o -  

1 

blem  shows t h a t ,   f o r   s t a b l l i t y ,  
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w > 2 (kt + 2kJ.  
E 

If k t  1, - 100, and  kc - 0 .1  , 
b 

w > 240 , 

For  the numbers g iven   he re ,  w i s  ac tua l ly   abou t   un i ty .   Th i s   app roach  

does  not seem t o   b e   p a r t i c u l a r l y   i n t e r e s t i n g   f o r   t h i s   p r o b l e m .  

However, t h e r e  i s  a tendency   to   neglec t   the   de layed   neut rons  

i n   k i n e t i c s   s t u d i e s .   T h i s  may not  be a bad a s s u m p t i o n   i n   s t a b i l i t y  

s tud ie s ,   bu t   p rompt   neu t ron   k ine t i c s   a r e   i nadequa te   fo r  more d e t a i l e d  

dynamics  s tudies .  The de layed   neut ron   e f fec t   can   then   be   approximated  

bY 

- E x + E x ( t  ") 1 
e e h 

i n s t ead   o f  

p l u s   a n o t h e r   d i f f e r e n t i a l   e q u a t i o n   f o r   y ( t ) .  It is  n o t  known i f   t h e s e  

r e p r e s e n t a t i o n s   p r o v i d e   s u f f i c i e n t l y   a c c u r a t e   a p p r o x i m a t i o n s .  

An a r e a   f o r   s i g n i f i c a n t   a d v a n c e m e n t  i s  i n   t h a t   o f   t h e   p u r e l y  

mathemat ica l   fea tures   o f   th i s   p roblem.  The  method as   p resented   here  

is c l e a r l y   r e s t r i c t e d   t o   s y s t e m s   w h i c h   c a n   b e   e a s i l y   l i n e a r i z e d ,   a r e  

of  low order ,   and  for   which a q u a d r a t i c  V func t ion   can   be   wr i t t en .  
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. 
The use   o f  a non-quadratic V would r e q u i r e   t h a t   t h e  f(V)  be d i f f e r e n t  

from  V/q. Some work  was  done  on th i s .   Fo r   example ,   i n  a s i n g l e  

r e a c t o r   w i t h  no delayed  neutrons a V funct ion  of   the  form 

can  be  found  from  the  Variable  Gradient Method (Schul tz ,  1962). This  

would  suggest  an  f(V)  of  the  general   form 

however, no su i tab le   form  could   be   found.   In  a coupled  system,  the '  

logar i thmic  V d o e s   n o t   r e s u l t .  The form i s  q u a d r a t i c   w i t h   q u a d r a t i c  

c o e f f i c i e n t s .  A q u a d r a t i c  f(V) i s  unsui table   because,   for   example,  

i f  

F(V) - v , 2 

the   condi t ion  f (V) > V is no t   a lways   s a t i s f i ed .  

It i s  e s s e n t i a l   t h a t   t h e s e   q u e s t i o n s   b e   e x p l o r e d   f u r t h e r ,  

f o r   t h e r e   a r e  many r e a l  problems i n  which  the  concept of a time l a g  

i s   i nvo lved .   In   nuc lea r   r eac to r   sys t ems   con t ro l   t he re   cou ld   be  

l ags   i n   t he   mechan ica l   po r t ion   o f   t he   con t ro l   rod   d r ive  mechanism. 

The  method presented  here ,   however ,   succeeds  in   providing  basic  

conclusions  on  coupled-core  s tabi l i ty ,   and  leads  to  good r e s u l t s   f o r  

t he  low o r d e r   c a s e s .  
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Appendix A 

ANALOG SIMULATION OF THE  TIME DELAY 

A d e h y   c i r c u i t  i s  cons t ruc t ed  on a Computer  Systems  Inc.  Model 

5800 repe t i t ive   ana log   computer  by us ing   t he  memory f e a t u r e   o f   t h e   i n t e -  

g r a t o r s .   I n   t h i s  mode, a c o n t r o l   p u l s e  is  a p p l i e d   t o   t h e   i n t e g r a t o r g  

causing i t  t o  reset and   opera te   wi th   the   f requency   of   the   cont ro l   pu lse .  

The i n t e g r a t o r  follows t h e   f u n c t i o n   i n   t h e  reset mode, then   ho lds   the  

f i n a l   v a l u e   d u r i n g   t h e   o p e r a t e   p e r i o d   i f   t h e   f u n c t i o n  i s  a p p l i e d   t o   t h e  

i n i t i a l   c o n d i t i o n   i n p u t   o f   t h e   a m p l i f i e r .   I f  a r eve r se   pu l se  is  appl ied,  

t h e   i n i t i a l   v a l u e   o f   t h e   i n p u t  is  he ld   dur ing   rese t ,   and   the   func t ion  is  

t racked   dur ing   opera te .  

Figure ( A - 1 )  is  the   bas i c   c i r cu i t   w i th   fou r   op t iona l   Ou tpu t s J   de -  

pending upon the  type of output   des i red .  The symbol M i n d i c a t e s  a nor -  

mal   cont ro l   pu lse ,  R the   reverse   pulse ,   and  no  symbol   indicates   that  

t h e   i n t e g r a t o r  i s  o p e r a t i n g   i n  i t s  normal mode. 

For a gene ra l   func t ion ,   t he   ou tpu t s  of the   fou r  memory u n i t s   a r e  

shown in   F igu re  (A-2 ) .  A s t e p  approximation  to   x( t -T)   can be obta ined  

from k2, #3, o r  #4, wi th   t he   de l ay   t ime  

T - ( No. of   Ampl i f ie rs  - 1)/2w, 

where w i s  the  f requency of t he   con t ro l   pu l se .   A l so ,  a s t r a i g h t   l i n e  

approximation  can be cons t ruc t ed   u s ing  a r ea l  t ime   i n t eg ra to r .   No te   t ha t  

t h e  reset and   opera te   cyc les  of #2 and $4 are i n  phase,  but #2 l eads  #4 

i n  time by one  cycle.  The  outputs  can  then be used as s t o r e d   v a l u e s  
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sampled  from y ( t )   a t  times l / w  a p a r t .   T h e r e f o r e ,   t h e   s t r a i g h t   l i n e  

can be constructed  a8 follows: 

x ( t -  -) - x. 1 
w 

where  w(x2-x4) is t he   s lope ,  a constant ,   over   each  cycle .  x is t h e  

i n i t i a l   v a l u e   o f   x ( t ) .  

0 

It is found   t ha t   i n   ac tua l   u sey   t he   s t r a igh t   l i ne   app rox ima t ion  

is  q u i t e   d i f f i c u l t   t o   u s e .   F o r   s h o r t   d e l a y   t i m e s ,  i t  is  d i f f i c u l t   t o  

reproduce  properly  delayed  funct ions.  The r e s u l t s   a r e   e x t r e m e l y   s e n s i -  

t i v e   t o   v a r i a t i o n s   I n   t h e   p o t e n t i o m e t e r   s e t t i n g s   f o r  w. Howevery f o r  

de lay   t imes   o r   l ess   than   about  0.5 seconds ,   the   s tep   func t ion   provides  

a s u f f i c i e n t l y   a c c u r a t e   s o l u t i o n .  

94 NASA-Langley, 1966 CR-447 


